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Introduction.

It is known that LSPACE/poly = BP.

And NC1 = BPconst .
k -OBDD can be interpreted as extension of automata.
k -OBDD can be interpreted as model of streaming
algorithms .
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Branching Program

Branching Program (BP)
is directed acycling graph
with following properties:

One initial node and
two final (sink) nodes.
Each inner node
associated with
variable and edges
labeled by values of
variable.

x1

x2 x2

1 0
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Branching Program

Branching Program P computes Boolean Function f (x1, . . . , xn).

Size S(P) of Branching Program P is number of inner nodes.
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OBDD

Ordered Binary Decision
Diagram (OBDD) P is
Branching Program with
following properties:

leveled
oblivious
read-once

θ(P) is reading order of
variables for P.
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k -OBDD

k -OBDD is Branching programs which consist on k layers Pi ,
each of them is OBDD. Each layer has same order of variables.

Nondeterministic k -OBDD (k -NOBDD) is nondeterministic
version. It returns 1 if there is at least one path from initial node
to 1-sink node.

Bounded error Probabilistic k -OBDD (k -NOBDD) is
probabilistic version. It returns 1 if probability of reaching 1-sink
is there is at least one path from initial node to 1-sink node
P1 > 0.5 + δ for some constant δ. Smae for 0.
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Width of k -OBDD

Width i-th level: wi is number of nodes in i-th level

Width of k -OBDD P: w(P) = maxiwi

OBDDw is class of Boolean function which are computed by
OBDD of width w .

k−OBDDw is class of Boolean function which are computed by
k -1OBDD of width w .

For setW we have:

k−OBDDW =
⋃

w∈W
k−OBDDw
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Our Goal.

We want to build hierarchy of k−OBDDW

Lower bound:

1 Characteristic of model
2 Characteristic of Boolean function.
3 Relation between them.

Upper bound.
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“Communication Model of k -OBDD”. Lower bound
technique.

We simulate k -OBDD P by (2k − 1)-round automata
communication protocol R for some partition π of input
ν = (σ, γ).
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“Communication Model of k -OBDD”. Lower bound
technique.

MR(σ, γ) =

(
0 MP(σ)

MR(γ) 0

)

MR(σ) =


0 M(1)

R (σ) 0 . . . 0 0
0 0 M(2)

R (σ) . . . 0 0
0 0 0 . . . M(k−2)

R (σ) 0
0 0 0 . . . 0 M(k−1)

R (σ)



MR(γ) =


M(1)

R (γ) 0 . . . 0
0 M(2)

R (γ) . . . 0
...

...
. . .

...
0 0 . . . M(k−1)

R (γ)

0 0 . . . 0
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“Communication Model of k -OBDD”. Lower bound
technique.

Description of the first round:

p0
R(σ) = (0, . . . ,0,1,0, . . . ,0)

Description of the last round:

qR(γ) = (0, . . . ,0,q(2k−1)(γ))

Linear representation of computation process:

R(ν) = p0
R(σ) ·

(
MR(σ, γ)2k−2

)
qT

R (γ)

Definition
Capacity of protocol ψ(R) is number of possible different pairs(
p0

R(σ),MR(σ)
)
.
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“Communication Model of k -OBDD”. Lower bound
technique.

Definition
Nπ(f ) is number of subfunctions with respect to partition
π = (XA,XB).

Nθ(f ) = maxπ∈Π(θ)Nπ(f ), where θ = (j1, . . . , jn),
Π(θ) = {π : π = ({xj1 , . . . , xju}, {xju+1 , . . . , xjn}), for 1 ≤ u ≤
n − 1}.
N(f ) = minθ∈Θ(n)Nθ(f ), where Θ(n) is set of permutations
of numbers (1, . . . ,n).

Property 1.1.1

If a Boolean function f is computed by a (π, t , l)-automata
protocol R, then we have:

Nπ(f ) ≤ ψ(R).
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“Communication Model of k -OBDD”. Result.

Theorem 1.1.2
Let Boolean function f (X ) is computed by k -OBDD of width w .
Then N(f ) ≤ w (k−1)w+1.

Theorem 1.1.3
For k = k(n),w = w(n) and r = r(n) such that
kw(log2 w) = o(n), k > 4,w > 20, r > 48v log2 v

w log2 w , w , v ∈ W for
setW ∈ {const,superpolylog,sublinear}, the following
inclusion is true: bk/rc -OBDDW ( k -OBDDW .
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“Communication Model of k -OBDD”. Consequence

Consequence 1.1.4

bk/ log2 log2 nc−OBDDconst ( k−OBDDconst, for
k = o(n/ log2 n);

bk/nεc−OBDDpolylog ( k−OBDDpolylog, for
ε > 0, k = o(n1−ε),nε < k ;
bk/(nα(log2 n)2)c−OBDDsublinearα ( k−OBDDsublinearα ,
for 0 < α < 0.5− ε, ε > 0, k > nα(log2 n)2,
k = o(n1−α/ log2 n);
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“Communication Model of k -OBDD”. Nondeterministic
case.

Theorem 1.2.1
Let Boolean function f (X ) is computed by k -NOBDD of width

w . Then N(f ) ≤ 2w
(

(k−1)w+1
)
.

Theorem 1.2.2

For k = k(n),w = w(n) and r = r(n) such that kw2 = o(n),
k > 4,w > 20, r > 48v2

w log2 w , v ,w ∈ W for set
W ∈ {const,superpolylog,sublinear}, the following
inclusion is right: bk/rc -NOBDDW ( k -NOBDDW
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Consequence

Consequence 1.2.3

bk/ log2 log2 nc−NOBDDconst ( k−NOBDDconst, for
k = o(n/ log2 n);

bk/nεc−NOBDDpolylog ( k−NOBDDpolylog, for
ε > 0, k = o(n1−ε),nε < k ;
bk/(n2α(log2 n)2)c−NOBDDsublinearα (
k−NOBDDsublinearα , for 0 < α < 1

3 − ε, ε > 0,
k > n2α(log2 n)2, k = o(n1−α/ log2 n);
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“Communication Model of k -OBDD”. Probabilistic
case.

Theorem 1.3.1
Let function f (X ) be computed by bounded error k -POBDD P
of width w , then

N(f ) ≤ (C1k(C2 + log2 w + log2 k))(k+1)w2

for some constants C1 and C2.

Theorem 1.3.2
For k = k(n),w = w(n) and r = r(n) such that
kw2 log(k(log w + log k)) = o(n),
k > 4,w > 20,w2 log(k(log k + log w)) = o(r), w ∈ W for set
W ∈ {const,superpolylog,sublinear}, the following
inclusion is right: bk/rc -POBDDW ( k -POBDDW
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Consequence

Consequence 1.3.3

bf
(

k/(log2 n log2 log2 n)
)
−POBDDconst (

k−POBDDconst, for k = o(n/ log2 n);

(
k/nε

)
−POBDDpolylog ( k−POBDDpolylog, for

ε > 0, k = o(n1−ε),nε < k ;(
k/(n2α(log2 n)3)

)
−POBDDsublinearα (

k−POBDDsublinearα , for 0 < α < 1
3 − ε, ε > 0,

k > n2α(log2 n)3, k = o(n1−α/ log2 n);
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k > n2α(log2 n)3, k = o(n1−α/ log2 n);
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Functional representation of k -OBDD.

Theorem 2.1
For integer k ,w ,d , such that k log w < n, following statement is
true:

k -NOBDDw ⊆ NOBDDw2k−1 .

Claim
For integer k ,w , such that k log w < n, the following statement
is true:

f (X ) =
wk−1∨
j=1

k∧
i=1

gj,i(X )

where N(gj,i) ≤ w
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Functional representation of k -OBDD.

Theorem 2.2
For k = k(n) and w = w(n) such that k log w = o(n), w ∈ W
for setW ∈ {poly,superpolyα,subexpα}, the following
inclusion is true:

bk/rc -NOBDDW ( -NOBDDW

for log w ′ = o(r), r < k for any w ′ ∈ W.

Theorem 2.3
For k = k(n) and w = w(n) such that k log w = o(n), w ∈ W
for setW ∈ {poly,superpolyα,subexpα}, the following
inclusion is true:

bk/rc -OBDDW ( -OBDDW

for log w ′ = o(r), r < k for any w ′ ∈ W.

Kamil Khadiev On the Hierarchies for k-OBDD, k-NOBDD and k-POBDD.



Functional representation of k -OBDD.

Theorem 2.2
For k = k(n) and w = w(n) such that k log w = o(n), w ∈ W
for setW ∈ {poly,superpolyα,subexpα}, the following
inclusion is true:

bk/rc -NOBDDW ( -NOBDDW

for log w ′ = o(r), r < k for any w ′ ∈ W.

Theorem 2.3
For k = k(n) and w = w(n) such that k log w = o(n), w ∈ W
for setW ∈ {poly,superpolyα,subexpα}, the following
inclusion is true:

bk/rc -OBDDW ( -OBDDW

for log w ′ = o(r), r < k for any w ′ ∈ W.

Kamil Khadiev On the Hierarchies for k-OBDD, k-NOBDD and k-POBDD.



Results. Deterministic Model

B. Bolling, M. Sauerhoff, D. Sieling, I. Wegener , 1996

P-(k − 1)OBDD ( P-kOBDD, for k = o(n1/2log3/2n)

1 bk/ log2 log2 nc−OBDDconst ( k−OBDDconst, for
k = o(n/ log2 n);

2 bk/nεc−OBDDpolylog ( k−OBDDpolylog, for
ε > 0, k = o(n1−ε),nε < k ;

3 bk/(nα(log2 n)2)c−OBDDsublinearα ( k−OBDDsublinearα ,
for 0 < α < 0.5− ε, ε > 0, k > nα(log2 n)2,
k = o(n1−α/ log2 n);

1 bk/log2nc−OBDDpoly ( k−OBDDpoly, for
k = o(n/ log2 n);

2 bk/logα+2nc−OBDDsuperpolyα ( k−OBDDsuperpolyα , for
k = o(n/ logα+1

2 n), α = const , α > 0;
3 bk/(nα log2

2 n)c−OBDDsubexpα ( k−OBDDsubexpα , for
k = o(n1−α/ log2 n), 0 < α ≤ 1− ε, ε = const , ε > 0.
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Results. Nondeterministic Model

Okol’nishnikova E., 1997

NP-kBP ( NP-(k ln k/2 + C)BP, for k = o(
√

ln n/ ln ln n).

1 bk/ log2 log2 nc−NOBDDconst ( k−NOBDDconst, for
k = o(n/ log2 n);

2 bk/nεc−NOBDDpolylog ( k−NOBDDpolylog, for
ε > 0, k = o(n1−ε),nε < k ;

3 bk/(n2α(log2 n)2)c−NOBDDsublinearα (
k−NOBDDsublinearα , for 0 < α < 1

3 − ε, ε > 0,
k > n2α(log2 n)2, k = o(n1−α/ log2 n);

1 bk/log2nc−NOBDDpoly ( k−NOBDDpoly, ãäå
k = o(n/ log2 n);

2 bk/logα+2nc−NOBDDsuperpolyα ( k−NOBDDsuperpolyα ,

for k = o(n/ logα+1
2 n), α = const , α > 0;

3 bk/(nα log2
2 n)c−NOBDDsubexpα ( k−NOBDDsubexpα , for

k = o(n1−α/ log2 n), 0 < α ≤ 1− ε, ε = const , ε > 0.

Kamil Khadiev On the Hierarchies for k-OBDD, k-NOBDD and k-POBDD.



Results. Nondeterministic Model

Okol’nishnikova E., 1997

NP-kBP ( NP-(k ln k/2 + C)BP, for k = o(
√

ln n/ ln ln n).

1 bk/ log2 log2 nc−NOBDDconst ( k−NOBDDconst, for
k = o(n/ log2 n);

2 bk/nεc−NOBDDpolylog ( k−NOBDDpolylog, for
ε > 0, k = o(n1−ε),nε < k ;

3 bk/(n2α(log2 n)2)c−NOBDDsublinearα (
k−NOBDDsublinearα , for 0 < α < 1

3 − ε, ε > 0,
k > n2α(log2 n)2, k = o(n1−α/ log2 n);

1 bk/log2nc−NOBDDpoly ( k−NOBDDpoly, ãäå
k = o(n/ log2 n);

2 bk/logα+2nc−NOBDDsuperpolyα ( k−NOBDDsuperpolyα ,

for k = o(n/ logα+1
2 n), α = const , α > 0;

3 bk/(nα log2
2 n)c−NOBDDsubexpα ( k−NOBDDsubexpα , for

k = o(n1−α/ log2 n), 0 < α ≤ 1− ε, ε = const , ε > 0.

Kamil Khadiev On the Hierarchies for k-OBDD, k-NOBDD and k-POBDD.



Results. Nondeterministic Model

Okol’nishnikova E., 1997

NP-kBP ( NP-(k ln k/2 + C)BP, for k = o(
√

ln n/ ln ln n).

1 bk/ log2 log2 nc−NOBDDconst ( k−NOBDDconst, for
k = o(n/ log2 n);

2 bk/nεc−NOBDDpolylog ( k−NOBDDpolylog, for
ε > 0, k = o(n1−ε),nε < k ;

3 bk/(n2α(log2 n)2)c−NOBDDsublinearα (
k−NOBDDsublinearα , for 0 < α < 1

3 − ε, ε > 0,
k > n2α(log2 n)2, k = o(n1−α/ log2 n);

1 bk/log2nc−NOBDDpoly ( k−NOBDDpoly, ãäå
k = o(n/ log2 n);

2 bk/logα+2nc−NOBDDsuperpolyα ( k−NOBDDsuperpolyα ,

for k = o(n/ logα+1
2 n), α = const , α > 0;

3 bk/(nα log2
2 n)c−NOBDDsubexpα ( k−NOBDDsubexpα , for

k = o(n1−α/ log2 n), 0 < α ≤ 1− ε, ε = const , ε > 0.

Kamil Khadiev On the Hierarchies for k-OBDD, k-NOBDD and k-POBDD.



Results. Nondeterministic Model

Okol’nishnikova E., 1997

NP-kBP ( NP-(k ln k/2 + C)BP, for k = o(
√

ln n/ ln ln n).

1 bk/ log2 log2 nc−NOBDDconst ( k−NOBDDconst, for
k = o(n/ log2 n);

2 bk/nεc−NOBDDpolylog ( k−NOBDDpolylog, for
ε > 0, k = o(n1−ε),nε < k ;

3 bk/(n2α(log2 n)2)c−NOBDDsublinearα (
k−NOBDDsublinearα , for 0 < α < 1

3 − ε, ε > 0,
k > n2α(log2 n)2, k = o(n1−α/ log2 n);

1 bk/log2nc−NOBDDpoly ( k−NOBDDpoly, ãäå
k = o(n/ log2 n);

2 bk/logα+2nc−NOBDDsuperpolyα ( k−NOBDDsuperpolyα ,

for k = o(n/ logα+1
2 n), α = const , α > 0;

3 bk/(nα log2
2 n)c−NOBDDsubexpα ( k−NOBDDsubexpα , for

k = o(n1−α/ log2 n), 0 < α ≤ 1− ε, ε = const , ε > 0.

Kamil Khadiev On the Hierarchies for k-OBDD, k-NOBDD and k-POBDD.



Results. Nondeterministic Model

Okol’nishnikova E., 1997

NP-kBP ( NP-(k ln k/2 + C)BP, for k = o(
√

ln n/ ln ln n).

1 bk/ log2 log2 nc−NOBDDconst ( k−NOBDDconst, for
k = o(n/ log2 n);

2 bk/nεc−NOBDDpolylog ( k−NOBDDpolylog, for
ε > 0, k = o(n1−ε),nε < k ;

3 bk/(n2α(log2 n)2)c−NOBDDsublinearα (
k−NOBDDsublinearα , for 0 < α < 1

3 − ε, ε > 0,
k > n2α(log2 n)2, k = o(n1−α/ log2 n);

1 bk/log2nc−NOBDDpoly ( k−NOBDDpoly, ãäå
k = o(n/ log2 n);

2 bk/logα+2nc−NOBDDsuperpolyα ( k−NOBDDsuperpolyα ,

for k = o(n/ logα+1
2 n), α = const , α > 0;

3 bk/(nα log2
2 n)c−NOBDDsubexpα ( k−NOBDDsubexpα , for

k = o(n1−α/ log2 n), 0 < α ≤ 1− ε, ε = const , ε > 0.

Kamil Khadiev On the Hierarchies for k-OBDD, k-NOBDD and k-POBDD.



Results. Nondeterministic Model

Okol’nishnikova E., 1997

NP-kBP ( NP-(k ln k/2 + C)BP, for k = o(
√

ln n/ ln ln n).

1 bk/ log2 log2 nc−NOBDDconst ( k−NOBDDconst, for
k = o(n/ log2 n);

2 bk/nεc−NOBDDpolylog ( k−NOBDDpolylog, for
ε > 0, k = o(n1−ε),nε < k ;

3 bk/(n2α(log2 n)2)c−NOBDDsublinearα (
k−NOBDDsublinearα , for 0 < α < 1

3 − ε, ε > 0,
k > n2α(log2 n)2, k = o(n1−α/ log2 n);

1 bk/log2nc−NOBDDpoly ( k−NOBDDpoly, ãäå
k = o(n/ log2 n);

2 bk/logα+2nc−NOBDDsuperpolyα ( k−NOBDDsuperpolyα ,

for k = o(n/ logα+1
2 n), α = const , α > 0;

3 bk/(nα log2
2 n)c−NOBDDsubexpα ( k−NOBDDsubexpα , for

k = o(n1−α/ log2 n), 0 < α ≤ 1− ε, ε = const , ε > 0.
Kamil Khadiev On the Hierarchies for k-OBDD, k-NOBDD and k-POBDD.



Results. Probabilistic Model

Hromkovich J. and Sauerhoff M., 2003
BPP-(k − 1)BP ( BPP-kBP, for k ≤ log n/3.

1

(
k/(log2 n log2 log2 n)

)
−POBDDconst ( k−POBDDconst,

for k = o(n/ log2 n);

2

(
k/nε

)
−POBDDpolylog ( k−POBDDpolylog, for

ε > 0, k = o(n1−ε),nε < k ;

3

(
k/(n2α(log2 n)3)

)
−POBDDsublinearα (

k−POBDDsublinearα , for 0 < α < 1
3 − ε, ε > 0,

k > n2α(log2 n)3, k = o(n1−α/ log2 n);
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Automata

We can convert OBDD to automata:
Transition do not depends on index of variable.

Only natural order
Constant width

Two way automata:

To move input head to the left, to the right or stay on the
same position.

Three models of two way autoamta

Classical one;
A nonuniform head–position–dependent two–way
automaton;
A nonuniform head–position–dependent shuffling two–way
automaton
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Automata. Lower bounds

Deterministic case

2DFA: Rn(L) ≤ (d + 1)d+1.
2DAn: N id (f ) ≤ (d + 1)d+1

2DAΘ
n : N(f ) ≤ (d + 1)d+1

Nondeterministic case

2NFA: Rn(L) ≤ 2(d+1)2
.

2NAn: N id (f ) ≤ 2(d+1)2

2NAΘ
n : N(f ) ≤ 2(d+1)2

Probabilistic case

2PAn: N id (f ) ≤ (32d log T )(d+1)2

2PAΘ
n : N(f ) ≤ (32d log T )(d+1)2

Kamil Khadiev On the Hierarchies for k-OBDD, k-NOBDD and k-POBDD.



Automata. Lower bounds

Deterministic case

2DFA: Rn(L) ≤ (d + 1)d+1.
2DAn: N id (f ) ≤ (d + 1)d+1

2DAΘ
n : N(f ) ≤ (d + 1)d+1

Nondeterministic case

2NFA: Rn(L) ≤ 2(d+1)2
.

2NAn: N id (f ) ≤ 2(d+1)2

2NAΘ
n : N(f ) ≤ 2(d+1)2

Probabilistic case

2PAn: N id (f ) ≤ (32d log T )(d+1)2

2PAΘ
n : N(f ) ≤ (32d log T )(d+1)2
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Automata. Hierarchies

Deterministic case
2DFA: 2DFASIZE(d− 3) ( 2DFASIZE(d11d log de).
2DAn: 2DSIZE(d) ( 2DSIZE(13d + 42)

2DAΘ
n : 2DΘSIZE(d) ( 2DΘSIZE(13d + 42)

Nondeterministic case

2NFA: 2NFASIZE(b
√

dc) ( 2NFASIZE(d11dlogde).
2NAn: 2NSIZE(b

√
dc) ( 2NSIZE(13d + 4)

2NAΘ
n : 2NΘSIZE(b

√
dc) ( 2NΘSIZE(13d + 4)

Probabilistic case

2PAn: 2BSIZE(b
√

d
32 log Tc) ( 2BSIZE(13d + 4)

2PAΘ
n : 2BΘSIZE(b

√
d

32 log Tc) ( 2BΘSIZE(13d + 4)
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Thank you for your attention!

Thank you for your attention!
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Technique.

Decomposition

P(ν) = χ1,m0,m1(ν) ∧ χ2,m1,m2(ν)∧

χi,m2,m3(ν) ∧ · · · ∧ χk ,mk−1,mk (ν) ∧mk

Decomposition

For NE(P) = {ν ∈ {0,1}n : for any inputs ν and ν ′ traces are
different }.

P(X ) =
∨

ν′∈NE(P)

χ1,m0,m1(ν′)(X ) ∧ · · · ∧ χk ,mk−1(ν′),1(X )
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