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@ Definitions.

@ Communication complexity technique for deterministic,
nondeterministic and probabilistic models.

@ Hierarchies of Complexity.

@ Functional representation of deterministic,
nondeterministic models.

@ Hierarchies of Complexity.
@ Using same technique for automata.
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Introduction.

@ Itis known that LSPACE /poly = BP.
o And NC‘I - chonst.
@ k-OBDD can be interpreted as extension of automata.

@ k-OBDD can be interpreted as model of streaming
algorithms .
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Branching Program

Branching Program (BP)
is directed acycling graph
with following properties:

@ One initial node and ¥
two final (sink) nodes.

@ Each inner node L y
associated with <
variable and edges . N
labeled by values of 1 . A 0
variable.
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Branching Program

Branching Program P computes Boolean Function f(xq, . .. ,x,,).J
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Branching Program

Branching Program P computes Boolean Function f(xq, . .. ,x,,).J

Size S(P) of Branching Program P is number of inner nodes. J
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OBDD

Ordered Binary Decision

Diagram (OBDD) P is ()
Branching Program with
following properties:

@ leveled
@ oblivious
@ read-once

0(P) is reading order of
variables for P.

O -
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k-OBDD

k-OBDD is Branching programs which consist on k layers P;,
each of them is OBDD. Each layer has same order of variables.J
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k-OBDD is Branching programs which consist on k layers P;,
each of them is OBDD. Each layer has same order of variables.
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k-OBDD

k-OBDD is Branching programs which consist on k layers P;,
each of them is OBDD. Each layer has same order of variables.

Nondeterministic k-OBDD (k-NOBDD) is nondeterministic
version. It returns 1 if there is at least one path from initial node
to 1-sink node.

Bounded error Probabilistic k-OBDD (k-NOBDD) is
probabilistic version. It returns 1 if probability of reaching 1-sink
is there is at least one path from initial node to 1-sink node

P; > 0.5 + § for some constant 6. Smae for 0.
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Width of k-OBDD

Width /-th level: w; is number of nodes in i-th level )
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OBDD,, is class of Boolean function which are computed by
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Width of k-OBDD

Width /-th level: w; is number of nodes in i-th level J

Width of k-OBDD P: w(P) = max;w; |

OBDD,, is class of Boolean function which are computed by
OBDD of width w.

k—OBDDy, is class of Boolean function which are computed by
k-10BDD of width w.

For set W we have:

k—OBDD,y = | ] k—OBDD,
wew
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@ We want to build hierarchy of k—OBDD,y,
@ Lower bound:

@ Characteristic of model
@ Characteristic of Boolean function.
© Relation between them.

@ Upper bound.
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“Communication Model of k-OBDD”. Lower bound

technique.

We simulate k-OBDD P by (2k — 1)-round automata
communication protocol R for some partition 7 of input

v =(0,7).
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“Communication Model of k-OBDD”. Lower bound
technique.

0| MPw)| o 0 0

ol o [M®? 0 0
Mg(o) = A7) =)
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“Communication Model of k-OBDD”. Lower bound

technique.

Description of the first round:

Description of the last round:

gr(7) = (0,...,0,g®(v))

Linear representation of computation process:

R(v) = Ph(e) - (Ma(o,7)?2) gk ()
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“Communication Model of k-OBDD”. Lower bound

technique.

Description of the first round:

Description of the last round:

gr(7) = (0,...,0,g®(v))

Linear representation of computation process:

R(v) = Ph(e) - (Ma(o,7)?2) gk ()

Definition

Capacity of protocol ¥(R) is number of possible different pairs
(pOF{(G)v MR(U))'
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“Communication Model of k-OBDD”. Lower bound
technique.

@ N7(f) is number of subfunctions with respect to partition
m = (Xa, XB)-
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“Communication Model of k-OBDD”. Lower bound
technique.

@ N7(f) is number of subfunctions with respect to partition

m = (Xa, XB)-

© N°(f) = maxqcn(yN™(f), where 6 = (ji, ..., n),
NO) ={m:m={X, - X}, {Xjoq»-- > Xjp}). for 1 < u <
n—1}.
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“Communication Model of k-OBDD”. Lower bound

technique.

@ N7(f) is number of subfunctions with respect to partition
m = (Xa, XB)-

o N°(f) = max,cn()N™(f), where 6 = (ji, . . ., jn),
NO) ={m:m={X, - X}, {Xjoq»-- > Xjp}). for 1 < u <
n—1}.

o N(f)= mingee(n)N"(f), where ©(n) is set of permutations
of numbers (1,...,n).
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“Communication Model of k-OBDD”. Lower bound

technique.

@ N7(f) is number of subfunctions with respect to partition
m = (Xa, XB)-

o N°(f) = max,cn()N™(f), where 6 = (ji, . . ., jn),
NO) ={m:m={X, - X}, {Xjoq»-- > Xjp}). for 1 < u <
n—1}.

o N(f)= mingee(n)N9(f), where ©(n) is set of permutations
of numbers (1,...,n).

Property 1.1.1

If a Boolean function f is computed by a (, t, /)-automata
protocol R, then we have:

N™(f) < ¥(R).
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“Communication Model of k-OBDD”. Result.

Let Boolean function f(X) is computed by k-OBDD of width w.
Then N(f) < wlk=Dw+1,
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“Communication Model of k-OBDD”. Result.

Theorem 1.1.2

Let Boolean function f(X) is computed by k-OBDD of width w.
Then N(f) < wlk=Dw+1,

Theorem 1.1.3
For k = k(n), w = w(n) and r = r(n) such that
kw(log, w) = o(n), k > 4, w > 20,r > 4370'8221”", w,v € W for

set W € {const, superpolylog, sublinear}, the following
inclusion is true: | k/r|-OBDD,y, C k-OBDD,.

| A
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“Communication Model of k-OBDD”. Consequence

Consequence 1.1.4
@ |k/log,log, n| —~OBDDconst & k—OBDDconst, for
k = o(n/log, n);
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“Communication Model of k-OBDD”. Consequence

Consequence 1.1.4
k = o(n/log, n);
e>0,k=o0(n""%),n <k;
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“Communication Model of k-OBDD”. Consequence

Consequence 1.1.4

@ |k/log,log, n| —~OBDDconst & k—OBDDconst, for
k = o(n/log, n);
e>0,k=o0(n""%),n <k;
° Lk/(na(mgz n)z)J _OBDDsuinneara g k_OBDDsublinearaa
for0 <a <05—¢,¢ >0, k> n*(log, n)?,
k = o(n'=%/log, n);
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“Communication Model of k-OBDD”. Nondeterministic
case.

Let Boolean function f(X) is computed by k<-NOBDD of width
w. Then N(f) < 2% ((=Dw+1)
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“Communication Model of k-OBDD”. Nondeterministic
case.

Theorem 1.2.1

Let Boolean function f(X) is computed by k<-NOBDD of width
w. Then N(f) < 2% ((=Dw+1)

Theorem 1.2.2

For k = k(n),w = w(n) and r = r(n) such that kw? = o(n),
k>4 ,w>20,r> #&’;W, v, w e W for set

W € {const, superpolylog, sublinear}, the following
inclusion is right: |k/r| -NOBDD,, C k-NOBDD,,,
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Consequence

Consequence 1.2.3
k = o(n/ log, n);
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Consequence

Consequence 1.2.3
k = o(n/10g n);
e>0,k=o0(n""¢),nF < k;
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Consequence

Consequence 1.2.3

k = o(n/log, n);
e>0,k=o0(n""¢),nF < k;

° Lk/(nza(|092 n)z)J _NOBDDsuinneara -
k—NOBDDgypiinear, , or 0 < a < § —¢, ¢ > 0,
k > n?*(log, n)?, k = o(n'=%/log, n);
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“Communication Model of k-OBDD”. Probabilistic
case.

Theorem 1.3.1
Let function f(X) be computed by bounded error k-POBDD P
of width w, then

N(f) < (C1k(Cs + log, w + log, k))k+1w?

for some constants C; and Co.
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“Communication Model of k-OBDD”. Probabilistic

case.

Theorem 1.3.1
Let function f(X) be computed by bounded error k-POBDD P
of width w, then

N(f) < (C1k(Cs + log, w + log, k)) K+

for some constants C; and Co.

Theorem 1.3.2

For k = k(n), w = w(n) and r = r(n) such that

kw? log(k(log w + log k)) = o(n),

k > 4,w > 20, w?log(k(log k + log w)) = o(r), w € W for set
W € {const, superpolylog, sublinear}, the following
inclusion is right: |k/r|-POBDD,, C k-POBDDy,
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Consequence

Consequence 1.3.3

° bf(k /(log, nlog, log, n)) — POBDDgonst C
k—POBDDconst, for kK = o(n/ log, n);

Kamil Khadiev On the Hierarchies for k-OBDD, k-NOBDD and k-POBDD.



Consequence

Consequence 1.3.3

° bf(k /(log, nlog, log, n)) — POBDDgonst C
k—POBDDconst, for kK = o(n/ log, n);

o (k/n")~POBDDpolyiog & k—POBDDpolyiog, for
e>0,k=o0(n""%),r <k;
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Consequence

Consequence 1.3.3

° bf(k /(log, nlog, log, n)) — POBDDgonst C
k—POBDDconst, for kK = o(n/ log, n);

° (k/nf) —POBDD,o1yi0g & k—POBDDpolylog, fOr
e>0,k=o0(n""%),nr <k;

o (k/(n?(log; n)?) ) ~ POBDDsupiinear,

k—POBDDgypjinear.,. for 0 < a < 3 —¢,e >0,
k > n?*(log, n)3, k = o(n'=%/log, n);
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Functional representation of k-OBDD.

For integer k, w, d, such that klog w < n, following statement is
true:

k-NOBDD,, C NOBDD 2« 1.

Kamil Khadiev On the Hierarchies for k-OBDD, k-NOBDD and k-POBDD.



Functional representation of k-OBDD.

Theorem 2.1

For integer k, w, d, such that klog w < n, following statement is
true:

k-NOBDD,, C NOBDD 2« 1.

| A\

Claim
For integer k, w, such that klog w < n, the following statement
is true:

wk=1 k

f(X) =\ N\ g.X)

j=1 i=1
where N(g;;) < w
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Functional representation of k-OBDD.

Theorem 2.2

For k = k(n) and w = w(n) such that klogw = o(n), w e W
for set W € {poly, superpoly,, subexp,}, the following
inclusion is true:

|k/r| -NOBDD,, C -NOBDD,,

forlogw’ = o(r), r < k forany w’ € W.
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Functional representation of k-OBDD.

Theorem 2.2

For k = k(n) and w = w(n) such that klogw = o(n), w e W
for set W € {poly, superpoly,, subexp,}, the following
inclusion is true:

|k/r| -NOBDD,, C -NOBDD,,

forlogw’ = o(r), r < k forany w’ € W.

Theorem 2.3

For k = k(n) and w = w(n) such that klogw = o(n), w € W
for set W € {poly, superpoly,, subexp,}, the following
inclusion is true:

|k/r| -OBDD,y C -OBDDyy

forlogw’ = o(r), r < k forany w' € W.
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Results. Deterministic Model

B. Bolling, M. Sauerhoff, D. Sieling, I. Wegener , 1996

P-(k — 1)OBDD C P-kOBDD, for k = o(n'/?log®/2n)

o Lk/ |ng |092 nJ —OBDDconst _,C,_ k—OBDDeonst7 fOf
k = o(n/10g, n);
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Results. Deterministic Model

B. Bolling, M. Sauerhoff, D. Sieling, I. Wegener , 1996

P-(k — 1)OBDD C P-kOBDD, for k = o(n'/?log®/2n)

o Lk/ |ng |092 nJ —OBDDconst _,C,_ k—OBDDeonst7 fOf
k = o(n/log, n);
e>0,k=o0(n""%),nF <k;
e Lk/(na(|092 n)z)J _OBDDsuinneara Q I(_OBDDsublinearaa
for0 < a <05 —¢,¢e> 0, k > n*(log, n)?,
k = o(n'=%/log, n);
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Results. Deterministic Model

B. Bolling, M. Sauerhoff, D. Sieling, I. Wegener , 1996

P-(k — 1)OBDD < P-kOBDD, for k = o(n'/2log®/2n)

© |k/log,l0gs n| —OBDD¢onst & k—OBDDgonst, for
k = o(n/log, n);
© |k/n°| —OBDDyoyi0g & k—OBDDy1yi0g, for
e>0,k=o0(n""%),m < k;

e Lk/(na(|092 n)z)J _OBDDsuinneara Q I(_OBDDsublinearaa
for0 <a <05 —¢,¢ >0, k> n*(log, n)?,
k = o(n'=%/log, n);

Q@ |k/log?n|— —OBDDp,1y € k—OBDDyqy, for
k = o(n/log, n);
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Results. Deterministic Model

B. Bolling, M. Sauerhoff, D. Sieling, I. Wegener , 1996

P-(k — 1)OBDD C P-kOBDD, for k = o(n'/?log®/2n)

© |k/log,l0gs n| —OBDD¢onst & k—OBDDgonst, for
k = o(n/log, n);
© |k/n°| —OBDDyoyi0g & k—OBDDy1yi0g, for
e>0,k=o0(n""%),m < k;

e Lk/(na(|092 n)z)J _OBDDsuinneara Q I(_OBDDsublinearaa
for0 <a <05 —¢,¢ >0, k> n*(log, n)?,
k = o(n'=%/log, n);

Q@ |k/log?n|— —OBDDyo1y € k—OBDDyyy, for
k = o(n/log, n);

@ |k/log**2n| —OBDDsyperpoly.. & k—OBDDsyperpoly.. , fOr
k = o(n/logg*" n), a = const, a > 0;
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Results. Deterministic Model

B. Bolling, M. Sauerhoff, D. Sieling, I. Wegener , 1996

P-(k — 1)OBDD C P-kOBDD, for k = o(n'/?log®/2n)

© |k/log,l0gs n| —OBDD¢onst & k—OBDDgonst, for
k = o(n/log, n);

@ |K/n°| —OBDDyoiyiog & k—OBDDpoiyiog, for
e>0,k=o0(n""%),m < k;

e Lk/(na(|092 n)z)J _OBDDsuinneara Q I(_OBDDsublinearaa
for0 <a <05 —¢,¢ >0, k> n*(log, n)?,
k = o(n'=%/log, n);

@ [k/log?n| —OBDD,o)y < k—OBDDyoy, for
k = o(n/log, n);

@ |k/log**2n| —OBDDsyperpoly.. & k—OBDDsyperpoly.. , fOr
k = o(n/ Iog“+1 n), a = const, a > 0;

Q |k/(n Iog n)| —OBDDsypexp, & k—OBDDgypexp,, , for
k = o(n1—0‘/log2 n),0 < a<1—¢e=conste>0.
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Results. Nondeterministic Model

Okol’'nishnikova E., 1997

NP-kBP C NP-(kInk/2 + C)BP, for k = o(vInn/InIn n).

o Lk/ |ng |092 nJ —NOBDDconst g k—NoBDDconsh fOI’
k = o(n/10g, n);
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Results. Nondeterministic Model

Okol’'nishnikova E., 1997

NP-kBP C NP-(kInk/2 + C)BP, for k = o(vInn/InIn n).

@ |k/log,log, n| —NOBDDconst C k—NOBDDconst, for
k = o(n/log, n);

@ |k/n°| —NOBDDyclyi0g & k—NOBDD{jyi0g, for
e>0,k=o0(n""%),n <k;
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Results. Nondeterministic Model

Okol’'nishnikova E., 1997

NP-kBP C NP-(kInk/2 + C)BP, for k = o(vInn/InIn n).

@ |k/log,logs n| —NOBDD¢onst & k—NOBDDconst, for
k = o(n/log, n);

@ |k/n°| —NOBDDyclyi0g & k—NOBDD{jyi0g, for
e>0,k=o0(n""%),n <k;

e U‘/(nza(bgz n)z)J _NOBDDsuinneara g
k—NOBDDgplinear, . for 0 < a < & —¢,e >0,
k > n?*(log, n)?, k = o(n'~*/log, n);
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Results. Nondeterministic Model

Okol’'nishnikova E., 1997

NP-kBP C NP-(kInk/2 + C)BP, for k = o(vInn/InIn n).

@ |k/log,logs n| —NOBDD¢onst & k—NOBDDconst, for
k = o(n/log, n);
@ |k/n°| —NOBDDyclyi0g & k—NOBDD{jyi0g, for
e>0,k=o0(n""%),nm <k;

e U‘/(nza(bgz n)z)J _NOBDDsuinneara g
k—NOBDDgplinear, . for 0 < a < & —¢,e >0,
k > n?*(log, n)?, k = o(n'~*/log, n);

@ |k/log?n|—NOBDD,y ¢ k—NOBDDyy, 434
k = o(n/log, n);
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Results. Nondeterministic Model

Okol’'nishnikova E., 1997

NP-kBP C NP-(kInk/2 + C)BP, for k = o(vInn/InIn n).

@ |k/l0g,10g, n|—NOBDDgonst < k—NOBDDconst, for
k = o(n/log, n);
@ |k/n°] —NOBDDpgyyi0q < k—NOBDDpoiyiog. for
e>0,k=o0(n""%),nm <k;

e U‘/(nza(Ing n)z)J _NOBDDsuinneara g
k—NOBDDgplinear, . for 0 < a < & —¢,e >0,
k > n?*(log, n)?, k = o(n'~/log, n);

@ |k/log2n| —NOBDD,), ¢ k—NOBDD,y, &4
k = o(n/log, n);
Q |k/log**2n]— NOBDDgyperpoly, & K—NOBDDgyperpoly.. ;
for k = o(n/logy*" n), a = const, a > 0;
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Results. Nondeterministic Model

Okol’'nishnikova E., 1997

NP-kBP C NP-(kInk/2 + C)BP, for k = o(vInn/InIn n).

@ |k/log,l0g, n| ~NOBDDconst < k—NOBDDconst, for
k = o(n/log, n);
@ |k/n°| ~NOBDD,oiyiog & k—NOBDD,po1yiog, for
e>0,k=o0(n""%),nm <k;

e U‘/(nza(Ing n)z)J _NOBDDsuinneara -
k—NOBDDgplinear, . for 0 < a < & —¢,e >0,
k > n?*(log, n)?, k = o(n'~/log, n);

@ |k/log2n| ~NOBDD,y C k—NOBDD,qy, 444
k = o(n/log, n);
Q |k/log**2n]— NOBDDgyperpoly, & K—NOBDDgyperpoly.. ;
for k = o(n/ logs™ n), a = const, a > 0;
Q |k/(n“ |092 n)] —NOBDDgypexp, & K—NOBDDgypexp.,, for
k=o0(n""%/log,n),0 < a <1—¢,e=const,e>0.
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Results. Probabilistic Model

Hromkovich J. and Sauerhoff M., 2003

BPP-(k — 1)BP C BPP-kKBP, for k < log n/3.

@ (K/(log, nlog, log, n) ) ~POBDDGonst & k—POBDDconst,
for k = o(n/log, n);
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Results. Probabilistic Model

Hromkovich J. and Sauerhoff M., 2003

BPP-(k — 1)BP C BPP-kKBP, for k < log n/3.

o (k/(|092 n |092 Ing n)) —POBDDconst - k_POBDDconstv
for k = o(n/log, n);
e>0,k=o0(n""%),r <k;
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Results. Probabilistic Model

Hromkovich J. and Sauerhoff M., 2003

BPP-(k — 1)BP C BPP-kKBP, for k < log n/3.

@ (K/(log, nlog, log, n) ) ~POBDDGonst & k—POBDDconst,
for k = o(n/log, n);
e>0,k=o0(n""%),r <k;

@ (K/(n?*(logy n)?)) ~POBDDsubiinear, &
k—POBDDgypjinear,. for 0 < a < 3 —¢,e >0,
k > n?*(log, n)3, k = o(n'=%/log, n);
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We can convert OBDD to automata:
@ Transition do not depends on index of variable.
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We can convert OBDD to automata:

@ Transition do not depends on index of variable.
@ Only natural order
@ Constant width

Two way automata:

@ To move input head to the left, to the right or stay on the
same position.
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We can convert OBDD to automata:
@ Transition do not depends on index of variable.
@ Only natural order
@ Constant width

Two way automata:

@ To move input head to the left, to the right or stay on the
same position.

Three models of two way autoamta

@ Classical one;
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We can convert OBDD to automata:

@ Transition do not depends on index of variable.
@ Only natural order
@ Constant width

Two way automata:

@ To move input head to the left, to the right or stay on the
same position.

Three models of two way autoamta

@ Classical one;

@ A nonuniform head—position—dependent two—way
automaton;
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We can convert OBDD to automata:

@ Transition do not depends on index of variable.
@ Only natural order
@ Constant width

Two way automata:

@ To move input head to the left, to the right or stay on the
same position.

Three models of two way autoamta

@ Classical one;

@ A nonuniform head—position—dependent two—way
automaton;

@ A nonuniform head—position—dependent shuffling two—way
automaton
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Automata. Lower bounds

Deterministic case

@ 2DFA: R(L) < (d + 1)9+7.
@ 2DA,: N9(f) < (d + 1)9+1
@ 2DA®: N(f) < (d + 1)9+!
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Automata. Lower bounds

@ 2DFA: R(L) < (d + 1)9+7.
@ 2DA,: N9(f) < (d + 1)9+1
@ 2DA®: N(f) < (d + 1)9+!

y

@ 2NFA: R,(L) < 2(d+1)?,
@ 2NA,: Nd(f) < 2(d+1)?
@ 2NA®: N(f) < 2(d+1)?

A
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Automata. Lower bounds

@ 2DFA: R,(L) < (d + 1)9+1.
@ 2DA,: N9(f) < (d + 1)9+1
@ 2DA®: N(f) < (d + 1)9+!

@ 2NFA: R,(L) < 2(d+1)?,
@ 2NA,: Nd(f) < 2(d+1)?
@ 2NA®: N(f) < 2(d+1)?

Probabilistic case
@ 2PA,: Nd(f) < (32dlog T)(d+1)?
@ 2PA9: N(f) < (32dlog T)(@+1?
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Automata. Hierarchies

Deterministic case

@ 2DFA: 2DFASIZE(d — 3) C 2DFASIZE([11dlogd]).
@ 2DA,: 2DSIZE(d) C 2DSIZE(13d + 42)
o 2DA®: 2DOSIZE(d) C 2DOSIZE(13d + 42)
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Automata. Hierarchies

@ 2DFA: 2DFASIZE(d — 3) C 2DFASIZE([11dlogd]).
@ 2DA,: 2DSIZE(d) C 2DSIZE(13d + 42)
o 2DA®: 2DOSIZE(d) C 2DOSIZE(13d + 42)

Nondeterministic case

@ 2NFA: 2NFASIZE(|v/d]) € 2NFASIZE([11dlogd]).
@ 2NA,: 2NSIZE(|Vd]) € 2NSIZE(13d + 4)
@ 2NA®: 2NOSIZE(|Vd]) € 2NOSIZE(13d + 4)

=
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Automata. Hierarchies

@ 2DFA: 2DFASIZE(d — 3) C 2DFASIZE([11dlogd]).
@ 2DA,: 2DSIZE(d) C 2DSIZE(13d + 42)
o 2DA®: 2DOSIZE(d) C 2DOSIZE(13d + 42)

Nondeterministic case

@ 2NFA: 2NFASIZE(|v/d]) € 2NFASIZE([11dlogd]).
@ 2NA,: 2NSIZE(|Vd]) € 2NSIZE(13d + 4)
@ 2NA®: 2NOSIZE(|Vd]) € 2NOSIZE(13d + 4)

v

Probabilistic case

® 2PA,: 2BSIZE(| 548+ ]) G 2BSIZE(13d + 4)

® 2PAS: 2BOSIZE(| 548+ ]) G 2BOSIZE(13d + 4)
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Thank you for your attention!

Thank you for your attention!
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Decomposition

P(V) = X1)m07m1 (V) /\ Xz)m17m2(y)/\

Xi,mg,ms(V) ASRREA Xk,mkfhmk(y) A mk
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Decomposition

P(V) = X1)m07m1 (V) /\ X2,m1,m2(7/)/\

Xi,mg,mg(V) ASRREA Xk,mkfhmk(y) A mk

Decomposition

For NE(P) = {v € {0,1}" : for any inputs v and v/ traces are
different }.

P(X) = \/ X4, mo,ms () (X) A A Xkeomye_y (v),1(X)
Vv eNE(P)
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