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Motivation
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[van Dam et al., 2003]
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Boolean hidden shift problem (BHSP)
Problem

» Given: Complete knowledge of f : Z5 — Zs and access to a
black-box oracle for fs(x) := f(xz + s)

x = . = fs(z)

» Determine: The hidden shift s
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Delta functions are hard
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Boolean hidden shift problem (BHSP)
Problem

» Given: Complete knowledge of f : Z5 — Zs and access to a
black-box oracle for fs(x) := f(xz + s)

T = . = fs(x)
» Determine: The hidden shift s

Delta functions are hard

> f(x) = g,
» Equivalent to Grover's search: @(\/2”)
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Fourier transform of Boolean functions
The *1-function (normalized)

> F(x):= 12n(_1)f(x)

ﬂ
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Fourier transform of Boolean functions
The *1-function (normalized)

> F(x):= 12n(_1)f(x)

ﬂ

M i 1 1
Fourier transform  w .= L. (1 1)

> F(w) := (w|H®"|F)
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Fourier transform of Boolean functions
The *1-function (normalized)

> Fr) = J(~1)®

ﬂ

Fourier transform & .=

~—

(i

> Fw) = (W HE"|F) = 7 Ypeny (1) F(2)
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Fourier transform of Boolean functions
The *1-function (normalized)

> Fr) = J(~1)®

ﬂ

Fourier transform & .=

~—

(i

> Fw) = (W HE"|F) = 7 Ypeny (1) F(2)

Function f is bent if Y : | Fi(w)| = =
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Bent functions are easy
Preparing the “phase state”

» Phase oracle Oy, : |z) — (_1)fs(x)‘x>
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Bent functions are easy
Preparing the “phase state”

» Phase oracle Oy, : |z) — (—1)fs(x)‘x>

oy — men Hop, H e |- ()

> [(s) = Suezy (—1)* B (w)w)
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Bent functions are easy
Preparing the “phase state”

» Phase oracle Oy, : |z) — (—1)fs(x)‘1»>

0y — ren Hop H e |- [@(s)

> |B(s)) = Twezy (1) F(w)|w)

Algorithm [Rotteler'10]

» Prepare |®(s))
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Bent functions are easy
Preparing the “phase state”

» Phase oracle Oy, : |z) — (—1)fs(x)‘1»>

oyer —{ o Hon Haen | [o6s))

> |B(s)) = Twezy (1) F(w)|w)

Algorithm [Rotteler'10]
» Prepare |®(s))

> D|®(s)) = Ywezy (—1)*|F(w)]w)
where D := d1ag<‘F Z ) [Curtis & Meyer'04]
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Bent functions are easy
Preparing the “phase state”

» Phase oracle Oy, : |z) — (—1)fs(x)‘x>

oyer —{ o Hon Haen | [o6s))

> |B(s)) = Twezy (1) F(w)|w)

Algorithm [Rotteler'10]
» Prepare |®(s))
> D|®(s)) = Ywezy (—1)*|F(w)]w)
where D := d1ag<‘F ) [Curtis & Meyer'04]
» If f is bent then H®"D|<I>( )) = |s)
» Complexity: ©(1)
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“All Boolean functions- ‘

In total there are 22" Boolean 'functlons wuth n arguments
For (O - 8. ‘this i is roughly 1077

-
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~All Boolean functions -

In total there are 22" Boolean functions with n arguments.
Forn = 8 this i is roughly 1077

What about the rest7
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~All Boolean functions -

In total there are 22" Boolean functions with n arguments.
Forn = 8 this is roughly 1077

What about the rest?

Three approaches:

1. Grover-like [Grover / quantum rejection sampling
2. Pretty good measurement :
3. Simon-like
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Algorithm 1: Grover-like / quantum rejection sampling

S~ w)w) o 3 (1)

|w)
weLy weZy \/27
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Algorithm 1: Grover-like / quantum rejection sampling

S~ w)w) o 3 (1)

—|w)
wELY weZy 2n

» Pick e € R?" such that Yw : 0 < g, < |F(w)|
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Algorithm 1: Grover-like / quantum rejection sampling

|w)

sw 7 sw 1
w%g(—l) F(U})IMHEZ:S(—U T

» Pick e € R?" such that Vw'0<5w < |F( )|

> Apply Re : [w)[0) = [w) 5 (\/ 2—e210) + eu|1) )
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Algorithm 1: Grover-like / quantum rejection sampling

|w)

sw 7 sw 1
w%g(—l) F(U})IMHEZ:S(—U R

» Pick € € R?" such that Vw : 0 < g, < |F( )|

> Apply Re : [w)[0) = [w) 5 (\/ 2—e210) + eu|1) )

> If we would measure the Iast qubit, we would get outcome
“1" w.p. ||€||% and the post-measurement state would be

S (C1) e )

<l 2,
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Algorithm 1: Grover-like / quantum rejection sampling

|w)

sw 7 sw 1
w%g(—l) F(W)I@U>Hw§g(—1) R

v

Pick € € R?" such that Vw : 0 < g, < |F( )|

Apply Re : [w)[0) — |w) % (\/ —€2|0) + eu1) )

If we would measure the Iast qubit, we would get outcome
“1" w.p. ||€||% and the post-measurement state would be

S (C1) e )

<l 2,

v

v

v

Instead of measuring, amplify the amplitude on |1)
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Algorithm 1: Grover-like / quantum rejection sampling

sw 7 sw 1
w%g(—l) F(W)I@U>Hw§g(—1) \/ﬁlw

v

Pick € € R?" such that Vw : 0 < g, < |F( )|

Apply Re : [w)[0) — |w) % (\/ —€2|0) + eu1) )

If we would measure the Iast qubit, we would get outcome
“1" w.p. ||€||% and the post-measurement state would be

S (C1) e )

<l 2,

v

v

v

Instead of measuring, amplify the amplitude on |1)
Complexity: O(1/]|e|l2)

v
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Algorithm 1: Grover-like / quantum rejection sampling

) 1
Y (FD)TR(w)|w) = Y T

wELY weZy

Pick € € R?" such that Vw : 0 < g, < |F( )|

Apply Re : [w)[0) — |w) % (\/ —€2|0) + eu1) )

If we would measure the Iast qubit, we would get outcome
“1" w.p. ||€||% and the post-measurement state would be

S (C1) e )

<l 2,

v

v

v

v

Instead of measuring, amplify the amplitude on |1)
Complexity: O(1/]|e|l2)
Take £, = Flin to get s with certainty in O(

v

v

1 ) :
= ueries
\% 2nF‘min q
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Algorithm 1: “Demo”

Algorithm
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Algorithm

1. Prepare |®(s))
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Algorithm 1: “Demo”

Algorithm
1. Prepare |®(s))

2. Perform an e-rotation
3. Do amplitude amplification

4. Measure the resulting state in Fourier basis
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Algorithm 1: Pros / cons

Performance

» Delta functions: O(y/2")
» Bent functions: O(1)

Issues
> What if Fyin = 07
» Undetectable anti-shifts: f(z +s) = f(z) + 1
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Algorithm 1: Approximate version




Algorithm 1: Approximate version

» Instead of the flat state
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> Instead of the flat state aim for approximately flat state

» Fix success probability p
» Optimal choice of ¢ is given by the “water filling” vector g,
such that ' - &,/|lepl2 > /P where 1, = \/%

19/09/2011 Dagstuhl 10



Algorithm 1: Approximate version

v

Instead of the flat state aim for approximately flat state

» Fix success probability p

v

Optimal choice of ¢ is given by the “water filling” vector g,
1
such that ' - &,/|lepl2 > /P where 1, = Neu

Queries: O(1/|lep]|2)

v
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Algorithm 2: Pretty good measurement

1st stage

v ®"|—| |— ]
H H
O o — 4% ]

Ay
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Algorithm 2: Pretty good measurement

1st stage

!
oyen o5, @_14.__
%|—| |— by

o M 4% HT T
\0>®"—| HO™ Ops H HO" D~

After stage 11 |®(s))®" = (L ypezy (—1)"F(w)|w))™
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Algorithm 2: Pretty good measurement

1st stage

!
oyen o5, @_14.__
%|—| |— by

o M 4% HT T
\0>®"—| HO™ Ops H HO" D~

After stage 11 |®(s))®" = (L ypezy (—1)"F(w)|w))™
After stage 2: |D!(s)) := Zwezg(—l)s'w|ffv>\w>
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Algorithm 2: Pretty good measurement

1st stage 2nd stage

!
oyen o5, @_14.__
%|—| |— =

|

1

I

: I

. I

I

®n ®n O | ®@n L

|0) H fs | H ‘
|

oy —I HO™ Or [ E®" OO g

After stage 11 |®(s))®" = (L ypezy (—1)"F(w)|w))™
After stage 2. |94(s)) = ez (~1)™|F)|w)
) =

S-w ]:11;)
PGM:  |EY) i= = Tuezy (—1)" a4 w)
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Algorithm 2: Pretty good measurement

1st stage 2nd stage
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I
|
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I
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®t

e F 4% [ -
\O)®"—| H®n Ofs gon

After stage 1:  |®(5))®" = (Lwezp (—1)*VF(w)|w))

After stage 2: |®!(s)) := Zwezn(—l)s'w|ffv>‘w>
PGM:  |Ef) := = Yz (- 1)5‘“’%“@

Eg,fort=1: |El) := @Zwez n(— )Sw“i Z;H w)

YaWa
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(
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Algorithm 2: Pretty good measurement
Why does it work?

> States: [®'(s)) := Ypezy (—1)""|F,) w)
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Algorithm 2: Pretty good measurement
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> States: ['(s)) := Puezy (—1)7"[F) w)
where ||| 74)3 = [F2] " (w) = = (F x F) (w)
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Algorithm 2: Pretty good measurement
Why does it work?
> States: ['(s)) := Puezy (—1)7"[F) w)
where ||| 74)3 = [F2] " (w) = = (F x F) (w)
(

Van
» Convolution: (F'* F)(w) = > sezn F(z)F(w — z)
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Algorithm 2: Pretty good measurement
Why does it work?
> States: [®(s)) 1= Y yezy (—1)° | FL ) w)
where [[|F4)3 = [£2] ™ (w) = L= (F « F) (w)
(

Van
> Convolution: (F'x F)(w) = Y sezp F(2)F(w — )

1.0

(F'x ) (w)

08

0.6

0.4
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Algorithm 2: Pretty good measurement
Why does it work?
> States: ['(s)) := Puezy (—1)7"[F) w)
where ||| 74)3 = [F2] " (w) = = (F x F) (w)

Van
> Convolution: (F'x F)(w) = Y sezp F(2)F(w — )

0.020]

5 (F* F)! (w)

3

0.015

0.010

WL

|M m wmm mmm muiuimulmm mmw\'uu [ WWII m\m

400
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Algorithm 2: Pros / cons

Performance

» Bent functions: O(1)
» Random functions: O(1)

» No issues with undetectable anti-shifts

[ssues

» Delta functions: O(2"), no speedup

Note

> For some t < n there will be no zero amplitudes!
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Algorithm 3: Simon-like
> Oracle Oy, : [k)[w) = (—1)7 @+ ) )
U
0" —| o HOp., H Hon f—
= > Fw)ls-w)w)

wEZLY

19/09/2011 Dagstuhl



Algorithm 3: Simon-like
> Oracle Oy, : [k)[w) = (—1)7 @+ ) )
U
0" —| o HOp., H Hon f—
= > Fw)ls-w)w)

wEZLY

» Complexity: O(n/V1y)
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Algorithm 3: Simon-like
> Oracle Oy, : [k)[w) = (1)) k) )
U
0)=" —| o HOp., H Hon f—
= > Flw)ls-w)w)

wEZLY

» Complexity: O(n/V1y)
» Where Iy(w) is the influence of w € Zi on f:

Ij(w) = Pr[f(x) # f(x +w)]

and Iy := min,, /¢(w)
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Comparison

19/09/2011

delta ‘ bent ‘ random
Grover-like | O(v/2") | O(1)
PGM o2m) 0(1)
Simon-like | O(nv2™) | O(n) | O(n)

Dagstuhl
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Open problems

» What is the best quantum algorithm for solving BHSP?
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Open problems

v

What is the best quantum algorithm for solving BHSP?

v

Quantum query lower bound?
Related problems:
> Verification of s: O(1/,/Ty)
» Extracting parity w - s: O(l/F(w))
What is the classical query complexity of this problem?

v

v
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Open problems

v

What is the best quantum algorithm for solving BHSP?

v

Quantum query lower bound?

v

Related problems:
> Verification of s: O(1/,/Ty)
» Extracting parity w - s: O(l/F(w))

v

What is the classical query complexity of this problem?

v

Generalize from Zs to Zg4
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Open problems

v

What is the best quantum algorithm for solving BHSP?

v

Quantum query lower bound?

v

Related problems:
> Verification of s: O(1/,/Ty)
» Extracting parity w - s: O(l/F(w))

v

What is the classical query complexity of this problem?

v

Generalize from Zs to Zg4

v

Applications
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Hi, De. Elzabeth?
Yegh, vh... T accidml'q\b fook
_ﬁ‘f guner transform of Ay cat ...

? Meaw

Thank you for your attention!
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Classical rejection sampling

Classical resampling problem

» Given: Ability to sample from distribution p
» Task: Sample from distribution ¢

Classical algorithm

- (k) — §(k)

P accept/reject
=

19/09/2011 Dagstuhl 18



Quantum rejection sampling

Quantum resampling problem

» Given: Oracle O : [0) — >0 mi|k)|k)
» Task: Perform transformation

YIEATRIIDIES SPATRYS
k=1 k=1

» Note: Amplitudes 7 and o} are known, but states [£) are
not known
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