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A € [0,1] - how much of the signal gets through

How noisy is the output?

H(X 8, Y) > AH(X) + (1 — A)H(Y)

Prototypic entropy power inequality...
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Entropy power inequalities

Classical Quantum
Shannon Koenig & Smith
Continuous [Sha48] [KS14, DMG14]
B = convolution | B = beamsplitter

. This work
Discrete B = partial swap

floBra) = Af(p) + (1= A)f (o)

» p, 0 are distributions / states
» f(+) is an entropic function such as /1(-) or ¢“"/("
» p ) o interpolates between p and o where A € [0, 1]
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» prob. density of X + Y is the convolution of fx and fy:

fx fr fx+y
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Classical EPI for continuous variables

» Scaled addition:
XE, Y = VAX+V1I-AY
» Shannon’s EPI [Sha48]:

FIXELY) 2 Af(X) + (1= A)f(Y)

where f(-) is H(-) or ¢’/ (equivalent)
Proof via Fisher info & de Bruijn’s identity [Sta59, Bla65]

Applications:

» upper bounds on channel capacity [Ber74]

» strengthening of the central limit theorem [Bar86]
> ...

v
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Beamsplitter

» Action on field operators:

o a B d ; .
A % A B<>:(> BeU®)
02 b C b d

» Transmissivity A:

By :=VAI+ivV1—2AX = Uy cUHH)

» Output state:
Ux(p1 ® p2) U}
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Continuous-variable quantum EPI

B 4

L
pr b

ANM

o>

,

» Combining two states:
018, p2 := Trz (Ua (01 © p2)U})
» Quantum EPI [KS14, DMG14]:
flor 8B p2) = Af (p1) + (1 = A)f (02)
where f(-) is H(-) or ¢//)/? (not known to be equivalent)
» Analogue, not a generalization
» Proof similar to the classical case (quantum generalizations

of Fisher information & de Bruijn’s identity)
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Partial swap

» Swap: S|i,j) = |j,i) foralli,j e {1,...,d}
» Use S as a Hamiltonian: exp(itS) = costI+isintS
» Partial swap:
Uy :=VAI+ivV1—AS, Ae[0,1]
» Combining two qudits:

p1 8 p2 == T (Un(p1 ® p2)U})

= Ap1+ (1= A)p2 = \/A(1 = A)i[p1, p2]

» This operation has applications for quantum algorithms!
(Lloyd, Mohseni, Rebentrost [LMR14])
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Main result

Theorem
For any concave and symmetric function f : D(C?) — R,

fleBra) > AMf(p) + (1 = A)f (o)

forall A € [0,1] and qudit states p and ¢

Relevant functions

» concaveif f(Ap+ (1 —A)o) > Af(p) + (1 —A)f(0)
» symmetric if f(p) = s(spec(p)) for some sym. function s

Typical example: von Neumann entorpy H(p)
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Proof by Carlen, Lieb, Loss [CLL16] (from yesterday!)

Goal: spec(p B, o) < Aspec(p) + (1 — A) spec(0)
Anti-symmetric extension of operator A:
AM @A A = (Ao A AD) 44 (01 A - A Agg)
Since ||AH|| = Z}:l Aj(A), it only remains to show that Vk
1" 8 ¥l < AllpM || + (1 = A)[le¥ |
We can forget about [k]’s and simply show that
0 < —pBro+ (Allpll + (1= A)llel)I

=AMllelll =p) + (X =A)(llel =) + /A1 = A) i[o, 0]

=AMX =X+ A=A (Y=Y} +Z'Z

where X := ||| —p, Y := ||o||l — 0, Z:= VAX +iV/1—AY.
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Particular functions of interest

Functions of entropy

» entropy H ()
» entropy power ¢/

» entropy photon number N, (-) := ¢~ (cH())

Photon number
» Thermal state with N photons:
= NC
o = gmw

» It’s entropy is g¢(N) := (N+1)log(N +1) — NlogN
» N.(p) := the average photon number of the thermal state
that has the same entropy as p



Summary of EPIs

Continuous variable Discrete
Classical | Quantum Quantum
(d dims) | (d modes) (d dims)
entropy v v v
H()
entropy

power c=2/d c=1/d 0<c<1/(logd)?

L,(II(‘)

entropy
photon . c=1/d << B
number (conjectured) 0<c<1/(d-1)

g '(cH("))

floBro) = Af(p) + (1 = A)f (o)
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Product-state classical capacity
Ere

% pEH)LU'
u,

=9

» Holevo quantity:

x(€) = max{ <Zpl ) - ZpiH(S

{pipi}
< logd —minH(£(p))
<logd— (1—A)H(o)
» Minimum output entropy:

H(E\x(p)) = H(p By 0)

(Pi))}
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Partial swap in quantum algorithms

Quantum principal component analysis [LMR14]
R p®n — efipntaeipnt

» Xoe X =0+ [X, 0]+ %[X, (X, o]l +--
e~tgeitt = o — it[p, o] + O(t?)

Partial swap:

v

v

Tr [e’iSt(U ® p)eiSt] = cos’t o +sin’t p — isintcost [p, 0]

=0 —it[p,0] + O(t?)

v

This approximates e~ **ge’** well when t < 1

v

Using n copies of p can boost t to nt:

(((UEAP) B p) EE/\“‘) Hip
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How to combine 7 states?

(01, 0n) = Tro_u(U(01 ® -+ @ pp)UY)

» Forn = 2, U is a linear combination of I and S:
U=VAI+ivV1-AS

» Permutations of n qudits:

Cd (ﬂ (ﬁ Cd

7 es, :><><j - J Qr € U(d")

» Question:

Whenis U := 2 z27zQy unitary (z, € C)?

TES,
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Fourier transform to the rescue!

Q: WhenisL:= Z zgLg unitary (zg € C)?
geG

Fact: Ly :=FL,F" =P [T(g) ®Id'r:|

e
R ?
=)zl =D [(Z ZgT(g)) ®1Ig.| € U(IG)
8eG reG L §€G
U.

Theorem: L = Y .c¢ 7L, is unitary iff for some U; € U(d-),

Z g)"Us)

TEG

Note: IfL =), cg, zrLr is unitary thensois U = ) g 22Qxn



EPI conjecture for 3 states

If f is concave and symmetric then

f(e) = p1f(p1) +p2f(p2) +psf(ps)

where p = Trp3(U(01 ® p2 @ p3)U") is explicitly given b
[ , P12 P p yg y

0 =p1pP1 +PZP2+P3P3
+ \/p1p2 sindizifp1, p2]
+ /P2p3 sindx3 ilp2, 3]
+ \/p3p1 sindz; i[parpl]

+ \/P1p2 cos b12i[p1,i[p2, p3]]
+ \/P2p3 cos 03 i[i[01, 2], p3]

where §;; are subject to 412 + 23 + J31 = 0 and

V/P1P2 €OSb12 + /P2ap3 cos b3 + /p3p1 cosdzp = 0
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Open problems

» Entropy photon number inequality for c.v. states
» useful for bounding classical capacities of various bosonic
channels [GGL"04, GSE07, GSE08]
» proved only for Gaussian states [Guh08]
» does not seem to follow from qudit EPI by taking d — oo
» Conditional version of qudit EPI
» trivial for c.v. distributions
» proved for Gaussian c.v. states [Koel5]
> qudit analogue...?
» Generalization to 3 or more systems
» trivial for c.v. distributions
» proved for c.v. states [DMLG15]
» extension of H, for combining > 3 states [Oz015]
> proving the EPL...?
» Applications
» lower bounds for min output entropy &
upper bounds for product-state classical capacity
» more...? for quantum algorithms...?
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