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Additive noise channel

X
input

XYX�λ Y
output

Y
noise

λ ∈ [0, 1] – how much of the signal gets through

How noisy is the output?

H(X�λ Y)
?
≥ λH(X) + (1− λ)H(Y)

Prototypic entropy power inequality...
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Entropy power inequalities

Classical Quantum

Continuous

Shannon
[Sha48]

� = convolution

Koenig & Smith
[KS14, DMG14]

� = beamsplitter

Discrete —
This work

� = partial swap

f (ρ�λ σ) ≥ λf (ρ) + (1− λ)f (σ)

I ρ, σ are distributions / states
I f (·) is an entropic function such as H(·) or ecH(·)

I ρ�λ σ interpolates between ρ and σ where λ ∈ [0, 1]
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Classical EPI



Continuous random variables
I X is a random variable over Rd with prob. density function

fX : Rd → [0, ∞) s.t.
∫

Rd
fX(x)dx = 1

I αX is X scaled by α:

0 1 2 3 4

fX

0 1 2 3 4

fX
f2X

I prob. density of X + Y is the convolution of fX and fY:

-2 -1 0 1 2

*

-2 -1 0 1 2

=

-2 -1 0 1 2

fX fY fX+Y
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Classical EPI for continuous variables

I Scaled addition:

X�λ Y :=
√

λ X +
√

1− λ Y

I Shannon’s EPI [Sha48]:

f (X�λ Y) ≥ λf (X) + (1− λ)f (Y)

where f (·) is H(·) or e2H(·)/d (equivalent)
I Proof via Fisher info & de Bruijn’s identity [Sta59, Bla65]
I Applications:

I upper bounds on channel capacity [Ber74]
I strengthening of the central limit theorem [Bar86]
I . . .
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Quantum EPI



Beamsplitter

I Action on field operators:

ρ1

ρ2

â

b̂

d̂

ĉ

B

B
(

â
b̂

)
=

(
ĉ
d̂

)
B ∈ U(2)

I Transmissivity λ:

Bλ :=
√

λ I + i
√

1− λ X ⇒ Uλ ∈ U(H⊗H)

I Output state:
Uλ(ρ1 ⊗ ρ2)U†

λ
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Continuous-variable quantum EPI

ρ1

ρ2

â

b̂

d̂

ĉ

B

I Combining two states:

ρ1�λ ρ2 := Tr2
(
Uλ(ρ1 ⊗ ρ2)U†

λ

)

I Quantum EPI [KS14, DMG14]:

f (ρ1�λ ρ2) ≥ λf (ρ1) + (1− λ)f (ρ2)

where f (·) is H(·) or eH(·)/d (not known to be equivalent)
I Analogue, not a generalization
I Proof similar to the classical case (quantum generalizations

of Fisher information & de Bruijn’s identity)
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ĉ

B

I Combining two states:

ρ1�λ ρ2 := Tr2
(
Uλ(ρ1 ⊗ ρ2)U†

λ

)
I Quantum EPI [KS14, DMG14]:

f (ρ1�λ ρ2) ≥ λf (ρ1) + (1− λ)f (ρ2)

where f (·) is H(·) or eH(·)/d (not known to be equivalent)

I Analogue, not a generalization
I Proof similar to the classical case (quantum generalizations

of Fisher information & de Bruijn’s identity)



Continuous-variable quantum EPI

ρ1

ρ2

â
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Qudit EPI



Partial swap

I Swap: S|i, j〉 = |j, i〉 for all i, j ∈ {1, . . . , d}

I Use S as a Hamiltonian: exp(itS) = cos t I + i sin t S
I Partial swap:

Uλ :=
√

λ I + i
√

1− λ S, λ ∈ [0, 1]

I Combining two qudits:

ρ1�λ ρ2 := Tr2
(
Uλ(ρ1 ⊗ ρ2)U†

λ

)
= λρ1 + (1− λ)ρ2 −

√
λ(1− λ) i[ρ1, ρ2]

I This operation has applications for quantum algorithms!
(Lloyd, Mohseni, Rebentrost [LMR14])
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Main result

Theorem
For any concave and symmetric function f : D(Cd)→ R,

f (ρ�λ σ) ≥ λf (ρ) + (1− λ)f (σ)

for all λ ∈ [0, 1] and qudit states ρ and σ

Relevant functions
I concave if f

(
λρ + (1− λ)σ

)
≥ λf (ρ) + (1− λ)f (σ)

I symmetric if f (ρ) = s(spec(ρ)) for some sym. function s

Typical example: von Neumann entorpy H(ρ)
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Proof idea

Theorem f (ρ�λ σ) ≥ λf (ρ) + (1− λ)f (σ)

Proof
Main tool: majorization. Assume we can show

spec(ρ�λ σ) ≺ λ spec(ρ) + (1− λ) spec(σ)

= spec
(
λρ̃ + (1− λ)σ̃

)
where ρ̃ := diag(spec(ρ)). Then

f (ρ�λ σ) ≥ f
(
λρ̃ + (1− λ)σ̃

)
(Schur-concavity)

≥ λf (ρ̃) + (1− λ)f (σ̃) (concavity)
= λf (ρ) + (1− λ)f (σ) (symmetry)
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Proof by Carlen, Lieb, Loss [CLL16] (from yesterday!)

Goal: spec(ρ�λ σ) ≺ λ spec(ρ) + (1− λ) spec(σ)

Anti-symmetric extension of operator A:

A[k](v1 ∧ · · · ∧ vk) := (Av1 ∧ · · · ∧ vk) + · · ·+ (v1 ∧ · · · ∧Avk)

Since ‖A[k]‖ = ∑k
j=1 λj(A), it only remains to show that ∀k

‖ρ[k] �λ σ[k]‖ ≤ λ‖ρ[k]‖+ (1− λ)‖σ[k]‖

We can forget about [k]’s and simply show that

0 ≤ −ρ�λ σ +
(
λ‖ρ‖+ (1− λ)‖σ‖

)
I

= λ
(
‖ρ‖I− ρ

)
+ (1− λ)

(
‖σ‖I− σ

)
+
√

λ(1− λ) i[ρ, σ]

= λ(X−X2) + (1− λ)(Y− Y2) + Z†Z

where X := ‖ρ‖I− ρ, Y := ‖σ‖I− σ, Z :=
√

λX + i
√

1− λY.
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Particular functions of interest

Functions of entropy

I entropy H(·)
I entropy power ecH(·)

I entropy photon number Nc(·) := g−1(cH(·))

Photon number
I Thermal state with N photons:

ρth =
∞

∑
i=0

Ni

(N + 1)i+1 |i〉〈i|

I It’s entropy is g(N) := (N + 1) log(N + 1)−N log N
I Nc(ρ) := the average photon number of the thermal state

that has the same entropy as ρ
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Summary of EPIs

Continuous variable Discrete
Classical Quantum Quantum
(d dims) (d modes) (d dims)

entropy
X X XH(·)

entropy
power c = 2/d c = 1/d 0 ≤ c ≤ 1/(log d)2

ecH(·)

entropy
photon

—
c = 1/d

0 ≤ c ≤ 1/(d− 1)
number (conjectured)

g−1(cH(·))

f (ρ�λ σ) ≥ λf (ρ) + (1− λ)f (σ)



Applications



Product-state classical capacity

ρ�λ σρ

σ

Eλ,σ

Uλ

I Holevo quantity:

χ(E) := max
{pi,ρi}

{
H
(
∑

i
piE(ρi)

)
−∑

i
piH
(
E(ρi)

)}
≤ log d−min

ρ
H(E(ρ))

≤ log d− (1− λ)H(σ)

I Minimum output entropy:

H(Eλ,σ(ρ)) = H(ρ�λ σ) ≥ λH(ρ) + (1− λ)H(σ)

≥ (1− λ)H(σ)
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Partial swap in quantum algorithms

Quantum principal component analysis [LMR14]

σ⊗ ρ⊗n 7→ e−iρntσeiρnt

I eXσe−X = σ + [X, σ] + 1
2! [X, [X, σ]] + · · ·

I e−iρtσeiρt = σ− it[ρ, σ] + O(t2)

I Partial swap:

Tr2

[
e−iSt(σ⊗ ρ)eiSt

]
= cos2 t σ + sin2 t ρ− i sin t cos t [ρ, σ]

= σ− it[ρ, σ] + O(t2)

I This approximates e−iρtσeiρt well when t� 1
I Using n copies of ρ can boost t to nt:((

(σ�λ ρ)�λ ρ
)
�λ · · ·

)
�λ ρ
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Extensions of �λ



How to combine n states?

(ρ1, . . . , ρn) 7→ Tr2,...,n
(
U(ρ1 ⊗ · · · ⊗ ρn)U†)

I For n = 2, U is a linear combination of I and S:

U =
√

λ I + i
√

1− λ S

I Permutations of n qudits:

Cd Cd Cd Cd

. . .

. . .
π ∈ Sn Qπ ∈ U(dn)

I Question:

When is U := ∑
π∈Sn

zπQπ unitary (zπ ∈ C)?
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Unitary Cayley’s Theorem

Cayley’s Theorem
Every finite group G is isomorphic to a subgroup of S|G|.

Proof: Represent g by Lg defined as Lg|h〉 := |gh〉.
This is known as left regular representation.

G ↪→ S|G|
?
↪→ U(|G|)

Q: When is L := ∑
g∈G

zgLg unitary (zg ∈ C)?
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Fourier transform to the rescue!

Q: When is L := ∑
g∈G

zgLg unitary (zg ∈ C)?

Fact: L̂g := FLgF† =
⊕
τ∈Ĝ

[
τ(g)⊗ Idτ

]

L̂ = ∑
g∈G

zgL̂g =
⊕
τ∈Ĝ

[(
∑
g∈G

zgτ(g)︸ ︷︷ ︸
Uτ

)
⊗ Idτ

]
?
∈ U(|G|)

Theorem: L = ∑g∈G zgLg is unitary iff for some Uτ ∈ U(dτ),

zg = ∑
τ∈Ĝ

dτ

|G| Tr
(
τ(g)†Uτ

)
Note: If L = ∑π∈Sn

zπLπ is unitary then so is U = ∑π∈Sn
zπQπ
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EPI conjecture for 3 states

If f is concave and symmetric then

f (ρ) ≥ p1 f (ρ1) + p2 f (ρ2) + p3 f (ρ3)

where ρ = Tr2,3
(
U(ρ1 ⊗ ρ2 ⊗ ρ3)U†) is explicitly given by

ρ = p1 ρ1 + p2 ρ2 + p3 ρ3

+
√

p1p2 sin δ12 i[ρ1, ρ2]

+
√

p2p3 sin δ23 i[ρ2, ρ3]

+
√

p3p1 sin δ31 i[ρ3, ρ1]

+
√

p1p2 cos δ12 i[ρ1, i[ρ2, ρ3]]

+
√

p2p3 cos δ23 i[i[ρ1, ρ2], ρ3]

where δij are subject to δ12 + δ23 + δ31 = 0 and√
p1p2 cos δ12 +

√
p2p3 cos δ23 +

√
p3p1 cos δ31 = 0



Open problems
I Entropy photon number inequality for c.v. states

I useful for bounding classical capacities of various bosonic
channels [GGL+04, GSE07, GSE08]

I proved only for Gaussian states [Guh08]
I does not seem to follow from qudit EPI by taking d→ ∞

I Conditional version of qudit EPI
I trivial for c.v. distributions
I proved for Gaussian c.v. states [Koe15]
I qudit analogue. . . ?

I Generalization to 3 or more systems
I trivial for c.v. distributions
I proved for c.v. states [DMLG15]
I extension of �λ for combining ≥ 3 states [Ozo15]
I proving the EPI. . . ?

I Applications
I lower bounds for min output entropy &

upper bounds for product-state classical capacity
I more. . . ? for quantum algorithms. . . ?
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