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Lineāra telpa

Defin̄ıcĳa ([1, 2, 3])
Lineāra telpa (H,+, ·) pār lauku C:

Kopa H ar darb̄ıbu “+” (H×H → H) veido Ābela grupu:

1 ∀x , y ∈ H,∃z ∈ H : x + y = z (slēgta),
2 ∀x , y , z ∈ H : (x + y) + z = x + (y + z) (asociativitāte),
3 ∃0 ∈ H,∀x ∈ H : x + 0 = 0 + x = x (vien̄ıbas elements),
4 ∀x ∈ H,∃(−x) ∈ H : x + (−x) = (−x) + x = 0

(inversais elements),
5 ∀x , y ∈ H : x + y = y + x (komutativitāte).

Reizināšanai “·” (C×H → H) ar skalāru lielumu ir spēkā:

1 ∀α, β ∈ C,∀x ∈ H : α(βx) = (αβ)x (asociativitāte),
2 ∀α, β ∈ C,∀x ∈ H : (α+ β)x = αx + βx (distributivitāte 1),
3 ∀α ∈ C,∀x , y ∈ H : α(x + y) = αx + αy (distributivitāte 2),
4 ∃1 ∈ C,∀x ∈ H : 1 · x = x (lauka vien̄ıbas elements).
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Lineāra telpa

Defin̄ıcĳa ([1, 2, 3])
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Reizināšanai “·” (C×H → H) ar skalāru lielumu ir spēkā:
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2 ∀x , y , z ∈ H : (x + y) + z = x + (y + z) (asociativitāte),
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2 ∀α, β ∈ C,∀x ∈ H : (α+ β)x = αx + βx (distributivitāte 1),
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2 ∀x , y , z ∈ H : (x + y) + z = x + (y + z) (asociativitāte),
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Lineāra telpa

Defin̄ıcĳa ([1, 2, 3])
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Lineāra telpa (H,+, ·) pār lauku C:

Kopa H ar darb̄ıbu “+” (H×H → H) veido Ābela grupu:
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Normēta telpa

Defin̄ıcĳa ([1, 2, 3])
Normēta telpa (H, ‖·‖):

1 ∀x , y ∈ H : ‖x + y‖ ≤ ‖x‖+ ‖y‖ (tr̄ısstūra nevienād̄ıba),
2 ∀α ∈ C,∀x ∈ H : ‖αx‖ = |α| · ‖x‖ (multiplikativitāte),
3 ‖x‖ = 0⇔ x = 0 (nulles elements).
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Skalārais reizinājums

Defin̄ıcĳa ([1, 2, 3])
Telpa (H, 〈·|·〉) ar skalāro reizinājumu “·” (H×H → C):

1 ∀x , y ∈ H : 〈x |y〉 = 〈y |x〉 (gandr̄ız komutativitāte),
2 ∀x , y , z ∈ H : 〈x + y |z〉 = 〈x |z〉+ 〈y |z〉 (distributivitāte),
3 ∀x , y ∈ H,∀α ∈ C : 〈αx |y〉 = α 〈x |y〉 (multiplikativitāte),
4 ∀x ∈ H : 〈x |x〉 ≥ 0 (nenegativitāte),
5 〈x |x〉 = 0⇔ x = 0 (nulles elements).
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Defin̄ıcĳa ([1, 2, 3])
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5 〈x |x〉 = 0⇔ x = 0 (nulles elements).
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5 〈x |x〉 = 0⇔ x = 0 (nulles elements).
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Skalārais reizinājums

Defin̄ıcĳa ([1, 2, 3])
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Pilna telpa

Defin̄ıcĳa ([1, 2, 3])
Virkni {xn} sauc par Koš̄ı virni telpā H, ja

∀ε > 0,∃n0 ∈ N,∀n,m > n : ‖xm − xn‖ < ε.

Defin̄ıcĳa ([1, 2, 3])
Virkne {xn} konverǧē uz punktu x ∈ H, ja

∀ε > 0,∃n0 ∈ N,∀n > n0 : ‖xn − x‖ < ε.

Defin̄ıcĳa ([1, 2, 3])
Telpu H sauc par pilnu, ja katra Koš̄ı virkne tajā konverǧē.
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Hilberta telpa

Defin̄ıcĳa ([1, 2, 3])
Hilberta telpa H ir pilna, normēta telpa, kurā ∀x ∈ H norma ir
saskaņota ar skalāro reizinājumu pēc formulas

‖x‖ =
√
〈x |x〉.
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Kvantu sistēmas stāvoklis

Stāvoklis
Lai raksturotu stāvokli kvantu sistēmai, kurai ir n br̄ıv̄ıbas pakāpju,
lieto kolonnas vektoru |Ψ〉 ∈ Cn:

|Ψ〉 =


Ψ1
Ψ2
...

Ψn

 .

Normēšana
No fizikālā viedokļa stāvokļi |Ψ〉 un c |Ψ〉, kur c ∈ C, ir ekvivalenti,
tāpēc ir pieņemts:

normēt vektora garumu uz viens: ‖|Ψ〉‖ = 1,
ignorēt fāzes reizinātāju: ∀α ∈ R : eiα |Ψ〉 ≡ |Ψ〉.
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Bl̄ıvuma matrica

Defin̄ıcĳa ([10])
Par stāvokļa |Ψ〉 saist̄ıto stāvokli sauc

〈Ψ| = |Ψ〉† =
(
Ψ̄1 Ψ̄2 · · · Ψ̄n

)
.

Defin̄ıcĳa ([10])
Par kvantu sistēmas stāvokļu varbūtiskas kombinācĳas
{(p1, |Ψ1〉), (p2, |Ψ2〉), . . . , (pm, |Ψm〉)} bl̄ıvuma matricu sauc

ρ =
m∑

k=1
pk |Ψk〉 〈Ψk | .
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Bl̄ıvuma matrica 2

Bl̄ıvuma matricas ı̄paš̄ıbas

1 Ermita: ρ† = ρ.
2 Ar vien̄ıbas pēdu: Tr ρ = 1.
3 Pozit̄ıva: ρ ≥ 0.

Defin̄ıcĳa ([10])
Operatoru A sauc par pozit̄ıvu, ja ∀ |Ψ〉 ∈ H : 〈Ψ|A |Ψ〉 ≥ 0.

Defin̄ıcĳa (ekvivalenta, [10])
Operatoru A sauc par pozit̄ıvu, ja visas tā ı̄pašvērt̄ıbas ≥ 0.
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Kubita stāvoklis

Kubits
Visvienkāršākā kvantu sistēma ir kubits. Tā stāvokli raksturo
|Ψ〉 = α |0〉+ β |1〉, kur α, β ∈ C un |α|2 + |β|2 = 1. Izvēlamies
α = cos θ2 un β = eiϕ sin θ2 , kur 0 ≤ θ ≤ π un 0 ≤ ϕ < 2π.

Bl̄ıvuma matrica
Atbilstošā bl̄ıvuma matrica:

ρ = |Ψ〉 〈Ψ| = 1
2

(
1 + cos θ e−iϕ sin θ
eiϕ sin θ 1− cos θ

)
.
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Bloha sfēra

Sfēriskās koordinātes


x = sin θ cosϕ
y = sin θ sinϕ
z = cos θ

|ψ〉 =
(

cos θ2
eiϕ sin θ2

)
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Pauli matricas

Kubita bl̄ıvuma matrica

ρ =
1
2 (I +~r · ~σ) , ~r = (x , y , z), ~σ = (σx , σy , σz).

Pauli matricas

I =
(

1 0
0 1

)
, σx =

(
0 1
1 0

)
, σy =

(
0 −i
i 0

)
, σz =

(
1 0
0 −1

)
.

Skalārais reizinājums

|〈Ψ1|Ψ2〉|2 =
1
2(1 + ~r1 · ~r2)
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Pēda

Defin̄ıcĳa ([11])
Par matricas A pēdu sauc Tr A =

∑n
i=1 〈i |A |i〉 =

∑n
i=1 Aii .

Pēdas formula ([10])

Tr(A |Ψ〉 〈Ψ|) =
n∑

i=1
〈i |A |Ψ〉 〈Ψ|i〉 =

n∑
i=1
〈Ψ|i〉 〈i |A |Ψ〉 = 〈Ψ|A |Ψ〉 .

Sekas

|〈Ψ1|Ψ2〉|2 = 〈Ψ2|Ψ1〉 · 〈Ψ1|Ψ2〉 = Tr(ρ1 |Ψ2〉 〈Ψ2|) = Tr(ρ1ρ2).
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Pēdas formula ([10])

Tr(A |Ψ〉 〈Ψ|) =
n∑

i=1
〈i |A |Ψ〉 〈Ψ|i〉 =

n∑
i=1
〈Ψ|i〉 〈i |A |Ψ〉 = 〈Ψ|A |Ψ〉 .

Sekas

|〈Ψ1|Ψ2〉|2 = 〈Ψ2|Ψ1〉 · 〈Ψ1|Ψ2〉 = Tr(ρ1 |Ψ2〉 〈Ψ2|) = Tr(ρ1ρ2).
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Grupas

Kvaternioni

i2 = j2 = k2 = ĳk = −1.

Reizināšanas tabulas
Kvaternioni
∗ 1 i j k
1 1 i j k
i i −1 k −j
j j −k −1 i
k k j −i −1

Pauli matricas
∗ I σx σy σz

I I σx σy σz
σx σx I iσz −iσy
σy σy −iσz I iσx
σz σz iσy −iσx I
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e pakāpē matrica

Teilora rinda [11]

eA = I +
∞∑

i=1

An

n!
.

Nav tik ļauni [11]
Jebkurai kvadrātiskai matricai M un nesingulārai P:

(PMP−1)k = PMP−1 · PMP−1 · . . . · PMP−1 = PMkP−1.

Ja A = P−1DP, kur D - diagonāla, tad

eA = eP−1DP = P−1eDP = P−1 ·


eD11 0 · · · 0

0 eD22 · · · 0
...

... . . . ...
0 0 · · · eDnn

 · P.
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SU(2) un SO(3)

Lūdzu, tikai ne sin un cos no matricas. . . [10]
Ja x ∈ R un A2 = I, tad

eiAx = I cos x + iA sin x .

e pakāpē Ermita matrica [11, 12]

Ja E † = E , tad U = eiE ir unitāra: UU† = eiE−iE† = e0 = I.

Saist̄ıba starp SU(2) un SO(3)

Ja σw ir Pauli matrica (w ∈ {x , y , z}), tad

Rw (θ) = e−iσw
θ
2 = I cos θ2 − iσw sin θ2

ir unitāra un atbilst Bloha sfēras rotācĳai ap asi w par leņķi θ.
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Vispār̄ıga 2× 2 unitāra matrica

Patvaļ̄ıga Bloha sfēras rotācĳa [10]
Rotācĳa ap vien̄ıbas vektoru ~n par leņķi θ:

R~n(θ) = exp
(
−i θ2

~n · ~σ
)
.

Vispār̄ıga unitāra matrica [10]

U = eiαR~n(θ).

Vispār̄ıga unitāra matrica ar Eilera leņķiem [10]

U = eiαRz(β)Ry (γ)Rz(δ).
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Vispār̄ıga unitāra matrica [10]

U = eiαR~n(θ).
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Vispār̄ıga unitāra matrica [10]

U = eiαR~n(θ).
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Kutrita gad̄ıjums

Kutrits (qutrit)

|Ψ〉 = α |0〉+ β |1〉+ γ |2〉 .

Gell-Manna matricas [8, 12]

λ1 =

0 1 0
1 0 0
0 0 0

 λ2 =

0 −i 0
i 0 0
0 0 0

 λ3 =

1 0 0
0 −1 0
0 0 0


λ4 =

0 0 1
0 0 0
1 0 0

 λ5 =

0 0 −i
0 0 0
i 0 0

 λ6 =

0 0 0
0 0 1
0 1 0


λ7 =

0 0 0
0 0 −i
0 i 0

 λ8 =
1√
3

1 0 0
0 1 0
0 0 −2


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Kvantu sistēma ar n br̄ıv̄ıbas pakāpēm

SU(n) ǧeneratori [4, 12]
Definējam Pjk = |j〉 〈k| un ieviešam:

wj =

√
2

j(j + 1)

(
P11 + P22 + · · ·+ Pjj − j · Pj+1,j+1

)
,

ujk = Pkj + Pjk ,

vjk = i(Pkj − Pjk),

kur 1 ≤ j < k ≤ n. Kopa {λi} = {wj} ∪ {ujk} ∪ {vjk} satur n2 − 1
operatoru - vispārinātās Pauli matricas.
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Vispārinātais Bloha vektors

Vispār̄ıga bl̄ıvuma matrica [7]

ρ =
1
n

I +

√
n(n − 1)

2
~r · ~λ

 .

Skalārais reizinājums [7]

|〈Ψ1|Ψ2〉|2 =
1
n (1 + (n − 1)~r1 · ~r2).

Ortogonāli vektori [7]

θ = arccos −1
n − 1 .
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|〈Ψ1|Ψ2〉|2 =
1
n (1 + (n − 1)~r1 · ~r2).
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L̄ı algebra

Sakar̄ıbas [7]
1 Komutators: [λi , λj ] = λiλj − λjλi = 2ifĳkλk .

2 Antikomutators: {λi , λj} = λiλj + λjλi = 4
n Iδĳ + 2dĳkλk .

3 Reizinājums: λiλj = 2
nδĳ + ifĳkλk + dĳkλk .

Lielumus fĳk un dĳk sauc par L̄ı algebras struktūras konstantēm
(fĳk ir piln̄ıgi antisimetrisks tenzors, bet dĳk ir piln̄ıgi simetrisks).

Zvaigzn̄ıtes reizinājums [7]

(
~a ∗ ~b

)
k

=
1

n − 2

√
n(n − 1)

2 dĳkaibj .
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Pozit̄ıvums

Bl̄ıvuma matricas harakteristiskais polinoms
Harakteristiskais polinoms:

det (τ I − ρ) = τn − S1τ
n−1 + S2τ

n−2 − · · ·+ (−1)nSn = 0.

Polinoma sakņu reizinājums:

det (τ I − ρ) =
n∏

i=1
(τ − τi).

Redzam, ka

Sk =
∑

1≤i1≤···≤ik≤n

k∏
j=1

pij .

Nosac̄ıjums ∀i : τi ≥ 0 ir ekvivalents nosac̄ıjumam ∀i : Si ≥ 0.
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Pozit̄ıvums 2

Kad ~r ir der̄ıgs Bloha vektors?

S1 = Tr ρ = 1

S2 =
n − 1

2n (1−~r ·~r)

S3 =
(n − 1)(n − 2)

6n2 (1− 3~r ·~r + 2~r ∗~r ·~r)

S4 = . . .
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Paldies Dievam, tas ir beidzies. . .

Paldies, ka izturējāt l̄ıdz beigām!
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