W ERSEE)

Maris Ozols

Latvijas Universitate

2007. gada 7. maijs



Hilberta telpa

Kada telpa es dzivoju?




Hilberta telpa

Kada telpa es dzivoju?

R3?




Hilberta telpa

Kada telpa es dzivoju?

R3?
H?




Hilberta telpa

Kada telpa es dzivoju?

R3?
H?




Hilberta telpa
Lineara telpa

Defintcija ([1, 2, 3])

Lineara telpa (H,+,-) par lauku C:




Hilberta telpa
Lineara telpa

Defintcija ([1, 2, 3])

Lineara telpa (H,+,-) par lauku C:
o Kopa H ar darbibu “+" (H x H — H) veido Abela grupu:




Hilberta telpa
Lineara telpa

Definicija ([1, 2, 3])
Lineara telpa (H,+,-) par lauku C:
o Kopa H ar darbibu “+" (H x H — H) veido Abela grupu:
Q Vx,y e H,IzeH: x+y =z (slegta),




Hilberta telpa
Lineara telpa

Definicija ([1, 2, 3])
Lineara telpa (H,+,-) par lauku C:
o Kopa H ar darbibu “+" (H x H — H) veido Abela grupu:
Q Vx,y e H,IzeH: x+y =z (slegta),
Q Vx,y,ze H:(x+y)+z=x+(y+ z) (asociativitate),




Hilberta telpa

Lineara telpa

Definicija ([1, 2, 3])
Lineara telpa (H, +,-) par lauku C:
o Kopa H ar darbibu “+" (H x H — H) veido Abela grupu:
Q Vx,y e H,IzeH: x+y =z (slegta),
Q Vx,y,ze H:(x+y)+z=x+(y+ z) (asociativitate),
© 0 H,VxeH:x+0=0+ x = x (vienibas elements),




Hilberta telpa
Lineara telpa

Defintcija ([1, 2, 3])

Lineara telpa (H,+,-) par lauku C:

e Kopa H ar darbibu “+" (H x H — H) veido Abela grupu:
Q Vx,y e H,IzeH: x+y =z (slegta),
Q Vx,y,zeH:(x+y)+z=x+(y+ z) (asociativitate),
© 0 H,VxeH:x+0=0+ x = x (vienibas elements),
Q VxeH,I(—x)eH:x+(—x)=(—x)+x=0
(inversais elements),




Hilberta telpa

Lineara telpa

Defintcija ([1, 2, 3])

Lineara telpa (H,+,-) par lauku C:

e Kopa H ar darbibu “+" (H x H — H) veido Abela grupu:
Q Vx,y e H,3z e H: x+ y = z (slegta),
Q Vx,y,zeH:(x+y)+z=x+(y+ z) (asociativitate),
© 0 H,VxeH:x+0=0+ x = x (vienibas elements),
Q VxeH,I(—x)eH:x+(—x)=(—x)+x=0
(inversais elements),
Q Vx,y € H:x+y=y+ x (komutativitate).




Hilberta telpa

Lineara telpa

Defintcija ([1, 2, 3])

Lineara telpa (H,+,-) par lauku C:

e Kopa H ar darbibu “+" (H x H — H) veido Abela grupu:
Q Vx,y e H,3z e H: x+ y = z (slegta),
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© 0 H,VxeH:x+0=0+ x = x (vienibas elements),
Q VxeH,I(—x)eH:x+(—x)=(—x)+x=0
(inversais elements),
Q Vx,y € H:x+y=y+ x (komutativitate).
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Lineara telpa (H,+,-) par lauku C:

e Kopa H ar darbibu “+" (H x H — H) veido Abela grupu:
Q Vx,y e H,IzeH: x+y =z (slegta),
Q Vx,y,ze H:(x+y)+z=x+(y+ z) (asociativitate),
© 0 H,VxeH:x+0=0+ x = x (vienibas elements),
Q VxeH,I(—x)eH:x+(—x)=(—x)+x=0

(inversais elements),

Q Vx,y € H:x+y=y+ x (komutativitate).

@ Reizinasanai “-" (C x H — H) ar skalaru lielumu ir speka:
Q Va,8 € C,Vx € H: afx) = (af)x (asociativitate),
Q Va,B3€C,Vx € H: (a+ B)x = ax + Bx (distributivitate 1),
Q VaeC,Vx,y € H:a(x+y) = ax+ ay (distributivitate 2),
Q@ J1eC,Vx € H:1-x=x (lauka vienibas elements).
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Defintcija ([1, 2, 3])

Norméta telpa (H, ||-||):
QO Vx,y € H:|x+yl <|x||+ |lyll (trisstura nevienadiba),
@ Va € C,Vx € H : ||ax| = || - ||x]| (multiplikativitate),
@ ||x|| =0 < x =0 (nulles elements).
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Definicija ([1, 2, 3])

Telpa (H, (-|-)) ar skalaro reizinajumu “-" (H x H — C):
Q Vx,y € H: (x|ly) = (y|x) (gandriz komutativitate),
Q Vx,y,ze H: (x+y|z) = (x|z) + (y|z) (distributivitate),

@ Vx,y € H,Va € C: (ax|y) = a(x|y) (multiplikativitate),
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Skalarais reizinajums

Definicija ([1, 2, 3])

Telpa (H, (-|-)) ar skalaro reizinajumu “-" (H x H — C):
Q Vx,y € H: (x]y) = (y|x) (gandriz komutativitate),
Q Vx,y,ze H: (x+y|z) = (x|z) + (y|z) (distributivitate),
@ Vx,y € H,Va € C: (ax|y) = a(x|y) (multiplikativitate),

Q Vx € H : (x|x) > 0 (nenegativitate),
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Skalarais reizinajums

Definicija ([1, 2, 3])

Telpa (H, (-|-)) ar skalaro reizinajumu “-" (H x H — C):
Q Vx,y € H: (x]y) = (y|x) (gandriz komutativitate),
Q Vx,y,ze H: (x+y|z) = (x|z) + (y|z) (distributivitate),
@ Vx,y € H,Va € C: (ax|y) = a(x|y) (multiplikativitate),
Q Vx € H : (x|x) > 0 (nenegativitate),

Q@ (x|x) =0« x =0 (nulles elements).
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Hilberta telpa
Pilna telpa

Definicija ([1, 2, 3])

Virkni {x,} sauc par Kosi virni telpa H, ja

Ve > 0,3ng € N,Vn,m > n: ||xm — x| < e.

Defintcija ([1, 2, 3])
Virkne {x,} konverge uz punktu x € H, ja

Ve > 0,3np € N,Vn > ng : ||x, — x|| < e.

Defintcija ([1, 2, 3])

Telpu H sauc par pilnu, ja katra Kosi virkne taja konverge.




Hilberta telpa

Hilberta telpa

Definicija ([1, 2, 3])
Hilberta telpa H ir pilna, normeéta telpa, kura Vx € H norma ir
saskanota ar skalaro reizinajumu péc formulas

X[l =/ {x]x).
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Kvantu skaitJoSanas pamati

Kvantu sistemas stavoklis

Lai raksturotu stavokli kvantu sistemai, kurai ir n brivibas pakapju,
lieto kolonnas vektoru |W) € C":

Normesana

No fizikala viedokla stavokli W) un c |W), kur ¢ € C, ir ekvivalenti,
tapec ir pienemts:
@ normét vektora garumu uz viens: |||V)|| =1,

e ignorét fazes reizinataju: Ya € R : '@ |V) = |V).
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Defintcija ([10])

Par stavok|a |W) saistito stavokli sauc

W=l = (0 ¥ - T,).

| A

Definicija ([10])
Par kvantu sistemas stavok|u varbutiskas kombinacijas
{(p1,1¥1)), (P2, [W2)), - . ., (Pm, [Wm))} blivuma matricu sauc

p= PrlVk) (Wil
k=1

A\
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Kvantu skaitJoSanas pamati

Blivuma matrica 2

Blivuma matricas Tpasibas
@ Ermita: pf = p.
@ Ar vienibas pedu: Trp = 1.
© Pozitiva: p > 0.

Definicija ([10])
Operatoru A sauc par pozitivu, ja V|V) € H : (V| A|V) > 0.

Definicija (ekvivalenta, [10])

Operatoru A sauc par pozitivu, ja visas ta Tpasvertibas > 0.
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Kubita stavoklis

Visvienkarsaka kvantu sistema ir kubits. Ta stavokli raksturo
W) = a|0) + 1), kur a, 3 € C un |a]* +|B8]> = 1. Izvélamies
a=cos§unB=e¥sing, kur 0 <0 <7mun0<p<2m




Kubita Bloha sféra

Kubita stavoklis

Kubits

Visvienkarsaka kvantu sistéema ir kubits. Ta stavokli raksturo
W) = a|0) + 1), kur a, 3 € C un |a]* +|B8]> = 1. Izvélamies
a = cos 3 unﬁ:ei“’sing, kur0 <O <7mun0<p<27m.

Blivuma matrica

| %
A\

Atbilstosa blivuma matrica:

_ 1 (1+cosf e #sinf
’O_W><w‘_2<e’¢sin9 1—cos€>'

A




Kubita Bloha sféra

Bloha sfera

Sferiskas koordinates

X = sinf cos ¢

y =sinfsinp

v I z = cos 0

0
COS 5
W> (eup sin g)




Kubita Bloha sféra

Pauli matricas

Kubita blivuma matrica

p==(+7-0), 7=(xy,2), &= (ox,04,0z).
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Pauli matricas

Kubita blivuma matrica

p= 5(/—!—?-5’), r=(x,y,z), &=(ox,0y,0z).

v

(). =

N
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Pauli matricas

Kubita blivuma matrica

p= 5(/—!—?-5’), r=(x,y,z), &=(ox,0y,0z).

V.
Pauli matricas

N
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Definicija ([11])

Par matricas A pedu sauc TrA = >"7"; (il Ali) = X7 Aii.




Kubita Bloha sféra
Peda

Definicija ([11])

Par matricas A pedu sauc TrA = Y14 (il Ali) = > 11 Aii.

Pedas formula ([10])

n n

Tr(A|W) (W]) =D (iAW) (W) =D (W]i) (iAW) = (V] A|W).

i=1 i=1




Kubita Bloha sféra
Peda

Definicija ([11])
Par matricas A pedu sauc TrA = Y14 (il Ali) = > 11 Aii.

Pedas formula ([10])

n n

Tr(A|W) (W]) =D (iAW) (W) =D (W]i) (iAW) = (V] A|W).

=1 i=1

KW1N5>F::<W2Nh)-<W1Nb>::po1Nh><Wﬂ)::poun)-)
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Kubita Bloha sféra

Kvaternioni

2= =k?>=ijk=—-1.

V.

Reizinasanas tabulas

Kvaternioni Pauli matricas

il i J k][] 1] o] o] o]
11 i J k / / Ox gy fo
i i =1 k| —j ox || ox / ioz | —ioy
JjIlJj| —k| -1 i gy || oy | —io; / iox
k|| k j| =il -1 oy || o5 ioy | —iox /

A\




Kubita Bloha sféra

e pakape matrica

Teilora rinda [11]

An
eA:l—i—Z E

i=1




Kubita Bloha sféra
e pakape matrica

Teilora rinda [11]

A — A"
F=0
=

Nav tik Jauni [11]

Jebkurai kvadratiskai matricai M un nesingularai P:

(PMP~Yk = PmMP~L. PMPTY. ... PMPT! = PMFPTL.
JaA=P1DP, kur D - diagonala, tad
elPu 0 A 0

3 0 eP= ... 0
eA=eP PP = plebp—pt | AR BV




Kubita Bloha sféra

SU(2) un SO(3)

Ludzu, tikai ne sin un cos no matricas. . . [10]
Jax€Run A%2 =/, tad

e = | cos x + iAsin x.
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Kubita Bloha sféra

SU(2) un SO(3)

Ludzu, tikai ne sin un cos no matricas. . . [10]

JaxeRun A2 =1, tad

e = | cos x + iAsin x.

e pakape Ermita matrica [11, 12]

Ja ET = E, tad U = €F ir unitara: UUT = eE—iET — g0 — |

Saistiba starp SU(2) un SO(3)
Ja oy, ir Pauli matrica (w € {x,y,z}), tad

0 0 0
2

Ry(0) = e 7%z = lcosa — iy sin 5

ir unitara un atbilst Bloha sferas rotacijai ap asi w par lenki 6.




Kubita Bloha sféra

Vispariga 2 X 2 unitara matrica

Patvaliga Bloha sferas rotacija [10]

Rotacija ap vienibas vektoru i par lenki 6:

0
Rz(0) = exp <—i§ﬁ- 5’).




Kubita Bloha sféra

Vispariga 2 X 2 unitara matrica

Patvaliga Bloha sferas rotacija [10]

Rotacija ap vienibas vektoru i par lenki 6:

0
R7(0) = exp <—i2ﬁ- 5’).

v

Vispariga unitara matrica [10]

U = e'“Rx(6).

N,
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Vispariga 2 X 2 unitara matrica

Patvaliga Bloha sferas rotacija [10]

Rotacija ap vienibas vektoru i par lenki 6:

0
R7(0) = exp (—izﬁ- 5’).

v

Vispariga unitara matrica [10]

U = e'“Rx(6).

Vispariga unitara matrica ar Eilera lepkiem [10]

U = e*Ro(5)R, (1)R:(5).




Kubita Bloha sféra
Vispariga 2 X 2 unitara matrica

Patvaliga Bloha sferas rotacija [10]

Rotacija ap vienibas vektoru i par lenki 6:

0
R7(0) = exp (—izﬁ- 5’).

v

Vispariga unitara matrica [10]

U = e'“Rx(6).

Vispariga unitara matrica ar Eilera lepkiem [10]

U = e*R.(5)R, (1)R:(5).




Visparinata Bloha sféra
Kutrita gadijums

Kutrits (qutrit)

V) = «|0) +51) +7]2). )
Gell-Manna matricas [8, 12]
010 0 —i O 1 0 0
A=1[100 X=[i 0 0 A3=10 -1 0
0 00 0 0 O 0 0 O
0 01 0 0 —i 0 00O
AM=1]0 0 0 Ad=10 0 O =10 01
100 i 0 0 010
0 0 O ;1 (100
=100 —i| e=——=]01 0
0 /i O V3 0 0 -2




Visparinata Bloha sféra

Kvantu sistema ar n brivibas pakapem

SU(n) generatori [4, 12]

Defingjam Pj = |j) (k| un ievieSam:

[ 2
i=4——— (P11+Px+---+Pjij—j Pii111),
W J(J+1)( 11 22 i —J _I+1,_I+l)

ujk = Pij + Pjk,
Vik = i(Pij — Pjk),

kur 1 <j < k < n. Kopa {\i} = {w;} U {uj} U{vj} satur n®> — 1
operatoru - visparinatas Pauli matricas.

4




Visparinata Bloha sféra

Visparinatais Bloha vektors

Vispariga blivuma matrica [7]




Visparinata Bloha sféra

Visparinatais Bloha vektors

Vispariga blivuma matrica [7]
1 n(n—1
. (,+ n(n—1)

n

N
at
>\
N— —

v

Skalarais reizinajums [7]

(W) 2 = Z(1+ (n— 1) - 7).

n

N




Visparinata Bloha sféra

Visparinatais Bloha vektors

Vispariga blivuma matrica [7]
1 n(n—1)
e Y Cd
o=t (re

Skalarais reizinajums [7]

N
at
>\
N— —

v

(W) 2 = Z(1+ (n— 1) - 7).

n

Ortogonali vektori [7]
-1

6 = arccos

A\




Visparinata Bloha sféra
LT algebra

Sakaribas [7]

Q@ Komutators: [\, A\j] = Ni\j — M\ = 2ifjucx.




Visparinata Bloha sféra
LT algebra

Sakaribas [7]

@ Komutators: [Aj, \j] = Ai\j — AjA; = 2ifjuc k.
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Sakaribas [7]

@ Komutators: [Aj, \j] = Ai\j — AjA; = 2ifjuc k.
@ Antikomutators: {A;, A\;j} = AiAj + NAi = 216 + 2 A
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Visparinata Bloha sféra

LT algebra

Sakaribas [7]

@ Komutators: [Aj, \j] = Ai\j — AjA; = 2ifjuc k.
@ Antikomutators: {A;, A\;j} = AiAj + NAi = 216 + 2 A
@ Reizinajums: \i\; = 26; + ifijx Ak + dijk Ak

Lielumus fj un djj sauc par L algebras struktiiras konstantem
(fijk ir pilnigi antisimetrisks tenzors, bet djj ir pilnigi simetrisks).

<
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LT algebra

Sakaribas [7]

@ Komutators: [Aj, \j] = Ai\j — AjA; = 2ifjuc k.
@ Antikomutators: {\;, A; } )\ AjF AN = 4/5,J + 2djjic k.
© Reizinajums: A;/\j = ;5,‘1‘ + if;; k)\k aF dyk/\k

Lielumus fj un djj sauc par L algebras struktiiras konstantem
(fijk ir pilnigi antisimetrisks tenzors, bet djj ir pilnigi simetrisks).

Zvaigznites reizinajums [7]

o 1 n(n—1)
(a * b)k = n_2 5 d,_,ka;bj.

|
I
| \

\
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Pozitivums

Blivuma matricas harakteristiskais polinoms

Harakteristiskais polinoms:

det(7/—p)=7"—Si7" 1+ Sr" 2 — ... 4 (-1)"S, = 0.
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Pozitivums

Blivuma matricas harakteristiskais polinoms

Harakteristiskais polinoms:

det(7/—p)=7"—Si7" 1+ Sr" 2 — ... 4 (-1)"S, = 0.

Polinoma saknu reizinajums:

n

det (71— p) = [[( — 7).

i=1




Visparinata Bloha sféra

Pozitivums

Blivuma matricas harakteristiskais polinoms

Harakteristiskais polinoms:

det(7/—p)=7"—Si7" 1+ Sr" 2 — ... 4 (-1)"S, = 0.

Polinoma saknu reizinajums:

n

det (71— p) = [[( — 7).

i=1

Redzam, ka

k
Se= > l»

1<i <-<ig<nj=1

Nosacijums Vi : 7; > 0 ir ekvivalents nosacijumam Vi : S; > 0.
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Pozitivums 2

Kad 7 ir derigs Bloha vektors?

51:Trp—1

—1
52:”2n (1-7-7)
53=(”_2g’_2)(1—3?.?+2m?-?)
Sy =




Visparinata Bloha sféra

Paldies Dievam, tas ir beidzies. . .

Paldies, ka izturejat idz beigam! )
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