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Lower bound

The goal of resampling is to produce samples from a target dis-
tribution, given the ability to sample from another distribution.
To study the query complexity of this problem, we consider an
oracle that attaches unknown data to each element of the base
set [n] ;= {1,...,n}. We formalize the classical and quantum
version of the problem as follows:

Classical

Given a black-box oracle producing pairs (é(k),k) € |d] X |n]
where k 1s distributed according to P and & : [n] — [d] s an
unknown function, SAMPLINGp_,o 1S the problem to produce a
sample (£(k), k) such that k is distributed according to Q.

- &(k) > (k)

P » accept/reject

Quantum

Let a,B € R" (|lallz = ||Bll2 = 1, Yk : ax, Brx = 0) and O be a unitary
that acts as O : |0) — |a) := Dt k€KY, where |&) € C¢
are some fixed unknown quantum states. Gilven oracle access
to unitary black boxes O, O', the QSAMPLING,,_, problem is to

prepare the state |b) 1= > _; Brléw k).

Jolo ol del —hm=sdem

~ k=1

For any p > 0, QSAMPLING’; iy s the problem where it suffices

to prepare /p|b)|0) + |error), where |0) is a default state for the
workspace and |error) is an arbitrary (unnormalized) error state.

Theorem. Let puin := (B' - @)% and prax := Dkaso Brl> The

quantum query complexity of QSAMPLING,, _p for p € [Pmin, Pmax]

is O(/|lglls), where & is the largest vector such that ,BT - & =
Vp llells and & = min{ay, yBk} for some y > 0. For p < ppin, the
query complexity is 1, and for p > pnax Ut IS infintte.

SDP characterization

Quantum query complexity of QSAMPLING, _ 5 O Pin < P < Prnax

s O(1/+/q), where g is the optimal value of the following SDP:

maxXpr=o TrM s.t. Yk : CL’I% > Mkka
Tr[(B- B' — pI)M] > 0.

Quantum algorithm

We choose a set of oracles Oy p := {Og,, : X € F,u € S}, where
S :={uecUmn) : ul0) =10)) =2 Umn -1). The first oracle acts as
06,1|(_)> = Y. aklk), and arbitrarily on the orthogonal comple-
ment. The remaining oracles are

Vi i= 2y (FDMKKI.
Next, we symmetrize the circuit over the automorphism group
F, x U(n — 1) of Oup as follows:

Oz, = Vi OG,ILL’ where

--------------------------------------------------------------------------

The rest of the proof is based on the hybrid argument, which
ylelds the same SDP as analysis of the algorithm.

Our algorithm ts based on amplitude amplification [2]. Fix some
g€ R (lells £ 1,Vk : g > 0) and let Ug := (I;® Ry) - (O ® I) be
the following operation:

(_)>d o k
O>n T T
0) Re(k) |—

where each Rg(k) is a 2-dimensional rotation. It prepares state

W) = (I ® Re) - )0} = 3 kel lawl? = £210) + dD).
k=1

Application to Boolean hidden shift problem

Classical algorithm

The classical rejection sampling works as follows [1]: let v <1
be the largest scaling factor such that yQ lies under P, formally,
v = ming(pr/qr). We accept a sample k from P with probability
Yqr/pr, otherwise we reject it and repeat. The expected number
T of samples from Q to produce one sample from P 1is then

given by T = 1/y = maxk(qgk/px).

Quantum rejection sampling algorithm

1. Start in initial state [0)40),|0)

2. Apply Ug

3. Perform the following steps ¢ times:

» perform ref; o1 2131 by applying Pault Z on the coin register
» perform refjy y by applying Ug, changing the relative phase of
0,0,0) by a factor of —1, and then applying U,

4. Discard the last register

The hidden shift problem for Boolean function f : F) — Iy is the
following problem [3]: given an oracle access to shifted function

#(X) == f(X+9)
for some unknown value of § € F,, determine the value of s by
querying the oracle on different inputs. Let BHSP]’Z denote the

number of queries needed to determine § with probability p.

Theorem. BHSP]'? = O(1/ ||&ll,) where & is the largest vector such

that |lell; = V27 llell, and &z = min{|fzl, ¥/ V2 for some y > 0,
where f is the Fourier transform of f.
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