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A classical Bickel–Rosenblatt test

Let X1, . . . ,Xn be i.i.d. random variables with a continuous
probability density function f .

Consider a simple hypothesis H0 : f = f0 with a significance
level α and completely specified f0.

Given the kernel density estimate

fn(x) =
1

nhn

n∑
i=1

K

(
x − Xi

hn

)
,

where hn = h(n), a test statistic can be defined.

The classical Bickel–Rosenblatt test statistic
[Bickel and Rosenblatt(1973)]

T̂ br
n = nhn

∫
[fn(x)− f0(x)]2a(x)dx .
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A smoothed modification

To avoid bias problems a smoothed version of f0, namely

(Khn ∗ f0)(·) =

∫
h−1
n K

(
· − z

hn

)
f0(z)dz ,

where ∗ is a convolution operator, is employed. And a(x) ≡ 1 is
used as the arbitrary weight function, which leads to a modification
of the Bickel–Rosenblatt test statistic

Tn = nh
d/2
n

∫
[fn(x)− (Khn ∗ f0)(x)]2 dx ,

and for composite hypothesis

Tn,θ̂ = nh
d/2
n

∫ [
fn(x)− (Khn ∗ fθ̂)(x)

]2
dx .
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Graphical representation
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Figure: Convolution, fn and the squared error.
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An absolutely regular weakly dependent process

Let (Xt)t∈Z, Xt ∈ R be a strictly stationary process on a
probability space (Ω,F ,P). For any two σ-fields A and B ⊂ F
define the following measure of dependence

β(A,B) := sup
1

2

I∑
i=1

J∑
j=1

|P(Ai ∩ Bj)− P(Ai )P(Bj)|,

such that Ai ∈ A ∀i and Bj ∈ B ∀j , where ∀i , j Ai ,Bj ⊂ Ω.
Define FL

J := σ(Xk , J ≤ k ≤ L), when −∞ ≤ J ≤ L ≤ ∞.

Definition

(Xt)t∈Z is called absolutely regular or β-mixing if

β(n) = sup
J∈Z

β(FJ
−∞,F∞J+n)→ 0, when n→∞.
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Asymptotic distribution of Tn

Theorem ([Neumann and Paparoditis(2000)])

If certain assumptions are fulfilled, then under H0,

(Tn − µ)
d−→ N(0, σ2),

where µ and σ2 are

µ = h
−d/2
n

∫
K 2(u)du,

σ2 = 2

∫
f 2
0 (x)dx ×

∫ [∫
K (u)K (u + v)du

]2

dv .
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Motivation

(+)
The test statistic can be used for:

simple as well as composite hypothesis,

independent and dependent identically distributed data
without modification.

(−)
No procedure for selecting the bandwidth hn.
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Simulation study

We define by fu the probability density function of the uniform
U[0, 1] distribution

fu = F ′u, Fu = U[0, 1].

For the process (Xt)t∈Z we test the single hypothesis

H0 : f = fu versus H1 : f 6= fu.

Suppose that a random variable X has a continuous
cumulative distribution function FX , then

FX (X ) = Y ∼ U[0, 1].

Audris Ločmelis, Jānis Valeinis Bickel–Rosenblatt test



Alternatives close to U[0, 1]

[Kallenberg and Ledwina(1995)] uses

g1(x) = 1 + ρ cos(jπx),

g2(x) = exp

 k∑
j=1

θjπj(x)− ψk(θ)

 ,

with {πj} the orthonormal Legendre
polynomials on [0, 1],

ψk(θ) = log
∫ 1

0 exp(θ ◦ φ(x))dx , θ ∈ Rk .
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Simulated power for dependent (AR(1), θ = −0.3) data

Table: Tn percentage rejections of the true H0 at 5% significance level with
n = 20, 50, 100, 500, 1000 for AR(1) case with φ = −0.3 made with 10,000
replications; h = h0n

−1/4; kernel U(0, 1).
h0

n 0.005 0.01 0.02 0.03 0.05 0.1 0.15 0.2 0.25 0.3
20 6.53 6.10 5.42 4.68 4.26 2.97 2.39 1.86 1.48 1.08
50 6.26 5.97 5.31 5.31 4.59 3.59 2.91 2.48 2.07 1.63

100 6.02 5.77 4.98 4.82 4.44 3.69 3.40 3.01 2.56 2.33
500 5.91 5.94 6.00 5.21 5.20 4.34 3.91 3.53 3.13 2.85

1000 5.95 6.05 5.99 4.49 4.29 4.52 4.88 3.66 3.42 3.36

Table: AR(1) case with φ = −0.3. Simulated power for alternatives g1 and g2

with n = 50 and 10,000 replications; h = h0n
−1/4, kernel U(0, 1).
h0

ρ j 0.005 0.01 0.02 0.03 0.05 0.1 0.15 0.2 0.25 0.3
0.4 1 6.1 9.2 10.8 12.8 15.2 22.5 28.6 34.4 37.3 41.5
0.5 2 8.9 12.8 16.6 19.2 26.3 38.9 46.0 50.7 54.6 57.5
0.7 4 15.3 21.9 33.8 40.5 53.0 70.0 75.7 77.9 75.4 70.4
0.7 5 16.3 22.6 33.6 39.7 53.6 67.9 70.8 68.1 58.3 42.2
0.7 6 16.1 22.0 32.0 38.9 52.2 64.2 64.8 55.3 39.0 22.2

θ
(0, 3) 25.1 25.3 25.2 24.5 27.6 34.6 40.1 45.3 49.8 53.7

(0,-0. 4) 7.8 11.1 15.4 17.1 23.2 33.4 38.4 42.5 44.8 47.0
(0.25,-0. 35) 9.3 11.7 15.5 17.4 23.7 33.8 40.2 45.7 48.5 51.6
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Bandwidth selection for nonparametric kernel tests

[Gao and Gijbels(2008)] consider a statistic T̂n(h), similar to Tn,
for regression fit and derive Edgeworth expansions for size and
power functions:

αn(h) = P(T̂n(h) > lα|H0) and

βn(h) = P(T̂n(h) > lα|H1),

where lα is a simulated critical value of T̂n(h).

The Edgeworth expansions of αn(h) and βn(h) are then used to
choose a suitable bandwidth

βn(hew ) = max
h∈Hn(α)

βn(h),

with Hn(α) = {h : α− cmin < αn(h) < α + cmin} for a small
0 < cmin < α.
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Gao an Gijbels used Edgeworth expansions for quadratic
forms.

[Bachmann and Dette(2005)] states that under H0 (Tn/nh) is
a degenerate U–statistic.

For i.i.d. random variables and fixed bandwidth
[Tenreiro(2005)] states that statistic I 2

n (h) = Tn/h is a
V –statistic,

I 2
n (h) =

1

n

n∑
i,j=1

Qh(Xi ,Xj),

Qh(u, v) =

∫
k(x , u, h)k(x , v , h)dx . . .

[Fan and Linton(2003)] have derived Edgeworth expansions
for a regression model specification test statistic, that is also a
degenerate U–statistic.
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[Bachmann and Dette(2005)]

Tn

nh
− 1

nh

∫
K 2(x)dx −

∫
[Hh ∗ (f − f0)]2(x)dx

= Un +
2

n

n∑
i=1

Yi + OP

(
1

n

)
,

where Yi = (Kh ∗ gh)(Zi )− E [Kh ∗ gh(Zi )] and

Un =
2

n2

∑
i<j

Hn(Zi ,Zj)

=
2

n2

∑
i<j

∫
[Kh(x − Zi )− Kh ∗ f (x)] [Kh(x − Zj)− Kh ∗ f (x)] dx

and Un is a degenerate U–statistic.
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Thank you!
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