Audris Lo¢melis, Janis Valeinis

University of Latvia

28.05.2011.

«0O0)>» «F»r «Z» « Q>

it
-



A classical Bickel-Rosenblatt test

o Let Xi,...,X, bei.i.d. random variables with a continuous
probability density function f.

o Consider a simple hypothesis Hp : f = fy with a significance
level o and completely specified fy.

o Given the kernel density estimate

1 & x — X;
fol>) = nh Z : ( h > 7
n i=1 n

where h, = h(n), a test statistic can be defined.

The classical Bickel-Rosenblatt test statistic
[Bickel and Rosenblatt(1973)]

T = nh, / [£:(x) — fo()Pa(x)dx.
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A smoothed modification

To avoid bias problems a smoothed version of fy, namely

(Kn,+ 6)C) = [ Bk () ()

where x is a convolution operator, is employed. And a(x) =1 is
used as the arbitrary weight function, which leads to a modification
of the Bickel-Rosenblatt test statistic

T, = nhd/z/[f — (Ka, * f5)(x)]? dx,

and for composite hypothesis

Tho= nhy/? / [£a(x) = (K, % 5)(x)]” dx.

Audris Lo¢melis, Janis Valeinis Bickel-Rosenblatt test



— conv

fa
] ] /\ — diff
2 /] ﬁx \)
° PURAVA
s T T T T
-05 0.0 05

1

1.0 1.5

Figure: Convolution, f, and the squared error.
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An absolutely regular weakly dependent process

Let (Xt)tez, Xt € R be a strictly stationary process on a
probability space (2, F, P). For any two o-fields A and B C F
define the following measure of dependence

i J
% 35 IP(AIN B) — P(A)P(B),

i=1 j=1

B(A, B) := sup

such that A; € AVi and B; € BVj, where Vi, A;, B; C 2.
Define ]-"JL = 0(Xk,J < k <L), when —c0 < J < L < 0.

Definition

(Xt)tez is called absolutely regular or S-mixing if

B(n) = 3“; 5(.7:100,.7'—5’1,,) — 0, when n — oo.
€
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If certain assumptions are fulfilled, then under Hy,

(To — 1) & N(0,02)

2
= h;d/z/Kz(u)du

o? =2/f02(x)dx>< / U K(u)K(u-l-v)du]zdv.

«0>» «F»r « =) «




Motivation

(+)

The test statistic can be used for:
o simple as well as composite hypothesis,

o independent and dependent identically distributed data
without modification.

(—)

No procedure for selecting the bandwidth hj,.
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Simulation study

We define by f, the probability density function of the uniform
UJ0, 1] distribution

f, = F,

u’

F. = U[0,1].

For the process (X:):cz we test the single hypothesis

Ho:f =1, versus Hyi: f # f,.

Suppose that a random variable X has a continuous
cumulative distribution function Fx, then

Fx(X) =Y ~ U0, 1].
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Alternatives close to UJ[0, 1]

[Kallenberg and Ledwina(1995)] uses <] v,&\\%li
g1(x) =1+ pcos(jﬂ-x)’ i 0‘.0 o‘.z 0.‘4 0.‘6 O.‘S 1ﬂ0
k 91
g(x) =exp [ > 0mi(x) —vi(0) | , .
j=1 ]
with {m;} the orthonormal Legendre S
polynomials on [0, 1], o |
Pi(0) = log fol exp(0 o ¢(x))dx, 6 € R¥. = I

v
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Simulated power for dependent (AR(1), # = —0.3) data

Table: T, percentage rejections of the true Hy at 5% significance level with
n = 20,50, 100,500, 1000 for AR(1) case with ¢ = —0.3 made with 10,000
replications; h = hon™'/*; kernel U(0, 1).
ho
n 0.0056 0.01 0.02 0.03 0.05 0.1 0.15 0.2 0.25 0.3
20 6.53 6.10 542 468 426 297 239 186 148 1.08
50 6.26 597 531 531 459 359 291 248 207 163
100 6.02 577 4.98 482 444 369 340 301 256 233
500 5.91 594 6.00 5.21 520 434 391 353 313 2385
1000 5.95 6.05 599 449 429 452 488 366 342 336

Table: AR(1) case with ¢ = —0.3. Simulated power for alternatives g1 and g»
with n = 50 and 10,000 replications; h = hon~*/*, kernel U(0,1).

ho

P J 0.005 0.01 0.02 0.03 0.05 0.1 0.15 0.2 0.25 0.3
0.4 1 6.1 9.2 10.8 12.8 15.2 225 28.6 34.4 37.3 41.5
0.5 2 8.9 12.8 16.6 19.2 26.3 38.9 46.0 50.7 54.6 57.5
0.7 4 15.3 21.9 33.8 40.5 53.0 70.0 75.7 77.9 75.4 70.4
0.7 5 16.3 22.6 33.6 39.7 53.6 67.9 70.8 68.1 58.3 42.2
0.7 6 16.1 22.0 32.0 38.9 52.2 64.2 64.8 55.3 39.0 22.2
0

(0, 3) 25.1 253 25.2 24.5 27.6 34.6 40.1 453 49.8 53.7
(0,-0. 4) 7.8 11.1 15.4 17.1 23.2 334 38.4 425 44.8 47.0
(0.25,-0. 35) 9.3 11.7 15.5 17.4 23.7 33.8 40.2 45.7 48.5 51.6
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Bandwidth selection for nonparametric kernel tests

[Gao and Gijbels(2008)] consider a statistic 7,(h), similar to T,
for regression fit and derive Edgeworth expansions for size and
power functions:

an(h) = P(Ta(h) > I4|Ho) and
Ba(h) = P(Ty(h) > la|Hh),

where I, is a simulated critical value of T,(h).

The Edgeworth expansions of a,(h) and ,(h) are then used to
choose a suitable bandwidth

Bn(hew) = her?-le(a) Bn(h)a

with Hp(a) = {h: a — cmin < an(h) < a + cmin} for a small
0 < cmin < @
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o Gao an Gijbels used Edgeworth expansions for quadratic
forms.

o [Bachmann and Dette(2005)] states that under Hy (T,/nh) is
a degenerate U—statistic.

o For i.i.d. random variables and fixed bandwidth
[Tenreiro(2005)] states that statistic /2(h) = T,/h is a
V—statistic,

1 n
B == 3 Qu(X: X)),

ihj=1

Qn(u,v) = / k(x,u, h)k(x, v, h)dx ...
o [Fan and Linton(2003)] have derived Edgeworth expansions

for a regression model specification test statistic, that is also a
degenerate U-statistic.
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[Bachmann and Dette(2005)]

LI R /[Hh « (f = H)*(x)dx

nh nh
p. 1
= Un - Yl — |
U+n§ —|—OP<”>

where Y; = (Kp, * gn)(Z;) — E[Kh * gn(Z;)] and

2
Un = ? Z Hn(Zia Zj)

i<j

_ nzz/[K,, (x = Z) — Kn * FOO] [Kn(x — Z3) — K # F(x)] dx

i<j

and U, is a degenerate U-statistic.
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Thank y0u!

«0>» «Fr «=)>» 4 .

it
v



