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Edgeworth izvirzîjumi
Francis Ysidro Edgeworth (1905.)Ideja: aproksimçt sadalîjumu ar tâ kumulantiem.X1, . . . ,Xn i.i.d. gadîjuma lielumi ar vidçjo vçrtîbu θ0 ungalîgu dispersiju σ2.Sn = n1/2(θ̂ − θ0)/σ, kur θ̂ = X̄.Mçríis: iegût Edgeworth izvirzîjumu Sn sadalîjumam.
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Pamatdefinîcijas
Gadîjuma lieluma X raksturîgâ funkcija:
ϕX(t) = E(eitX) = ∫ eitXdF(x), kur eit = cos(t)+i sin(t), t ∈ R.Gadîjuma lieluma X kumulatîvâ ìenerçjoðâ funkcija:KX(t) = lnϕX(t) = n

∑r=1 κr(it)r/r! + o(tn),kur koeficientus κ1, . . . , κn sauc par X kumulantiem.
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Edgeworth izvirzîjums statistikai Sn1. No CRT seko:
ϕSn(t) = E{exp(itSn)} → E{exp(itN(0, 1))} = e−t2/2, t ∈ R.

ϕSn(t) = E{exp (it√n((X̄ − µ))/σ
)

}

= exp{−it√n(µ/σ)}E{exp( it√nσ

n
∑i=1Xi)}

= exp{−it√n(µ/σ)}
[

ϕX (t/(√nσ)
)]n2. Definç Y = (X − µ)/σ :

ϕY(t) = E{exp(it(X−µ)σ−1)} = exp(−itµσ−1)E{exp(itσ−1X)}
(t/√n) ⇒ ϕY(t/√n) = exp{−itn−1/2µσ−1}ϕX (t/(√nσ)

)

,

ϕSn(t) = (ϕY(t/√n))n.Sandra Vucâne Edgeworth izvirzîjumi



3. Izsaka Y raksturîgo funkciju ar kumulatîvo ìenerçjoðofunkciju:
ϕY(t) = exp{κ1it+ 12κ2(it)2 + . . . +

1j!κj(it)j + . . .}4. Izvirza Y raksturîgo funkciju Teilora rindâ:
ϕY(t) = 1+ E(Y)it+ 12E(Y2)(it)2 + . . . +

1j!E(Yj)(it)j + . . .5. No 3. un 4.⇒
∑j≥1 1j!κj(it)j = ln1+∑j≥1 1j!E(Yj)(it)j

=
∑k≥1(−1)k+1 1k ∑j≥1 1j!E(Yj)(it)jk
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6. Pielîdzina koeficientus pie (it)j un iegûst
κ1 = E(Y),

κ2 = E(Y2) − (EY)2 = D(Y),

κ3 = E(Y3) − 3E(Y2)E(Y) + 2(EY)3 = E(Y − EY)3,
κ4 = E(Y4) − 4E(Y3)E(Y) − 3(EY2)2 + 12E(Y2)(EY)2 − 6(EY)4

= E(Y − EY)4 − 3(DY)2,
. . . .7. κ1 = E(Y) = 0 un κ2 = D(Y) = 1 ⇒

ϕSn(t) = exp{−12t2 + . . . + n−(j−2)/2 1j!κj(it)j + . . .}

= exp {−t2/2} exp {n−1/2(3!)−1κ3(it)3} · . . . ·
· . . . · exp {n−(j−2)/2(j!)−1κj(it)j} · . . .Sandra Vucâne Edgeworth izvirzîjumi



8. Izmanto eksponentes izvirzîjumu Teilora rindâ
ϕSn(t) =e−t2/2 [1+ n−1/2(3!)−1κ3(it)3 + . . .

]

· [1+ n−1(4!)−1κ4(it)4 + [n−1(4!)−1κ4(it)4]2/2+ . . .]

· . . . · [1+ n−(j−2)/2(j!)−1κj(it)j + . . .] · . . .9. Sareizina un savelk kopâ visus saskaitâmos pie n−(j−2)/2pakâpçm
ϕSn(t) =e−t2/2[1+ {(3!)−1κ3(it)3}n−1/2 + {(4!)−1κ4(it)4

+ [(3!)−1κ3(it)3]2/2}n−1 + {(3!)−1κ3(it)3(4!)−1κ4(it)4
+ (5!)−1κ5(it)5}n−3/2 + . . .].
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10. Tâtad
ϕSn(t) = e−t2/2{1+n−1/2r1(it)+n−1r2(it)+. . .+n−j/2rj(it)+. . .},kur r1(u) = 16κ3u3, r2(u) = 124κ4u4 + 172κ23u6, utt.11. Izmantojot, ka

ϕSn(t) = ∫ ∞

−∞

eitxdP(Sn ≤ x) un e−t2/2 = ∫ ∞

−∞

eitxdΦ(x).Iegûst inverso izvirzîjumu:
P(Sn ≤ x) = Φ(x)+n−1/2R1(x)+n−1R2(x)+. . .+n−j/2Rj(x)+. . . ,kur Rj(x) ir funkcija, kurai

∫ ∞

−∞

eitxdRj(x) = rj(it)e−t2/2.Sandra Vucâne Edgeworth izvirzîjumi



12. Izmanto parciâlo integrçðanu:
∫ ∞

−∞

eitxd{rj(−D)Φ(x)} = rj(it)je−t2/2.Funkcija Rj ir formâ: Rj(x) = rj(−D)Φ(x). Un j ≥ 1,

(−D)jΦ(x) = −Hej−1(x)φ(x),kur funkcijas Hej ir Hermîta polinomi.Hermîta polinomiPar k−tâs kârtas Hermîta polinomu sauc ortogonâlu polinomuformâ Hek = (−1)kex2/2 ∂k
∂xk e−x2/2.Sandra Vucâne Edgeworth izvirzîjumi



13. Var iegût, kaR1(x) = −16κ3(x2 − 1)φ(x),R2(x) = −x{ 124κ4(x2 − 3) + 172κ23(x4 − 10x2 + 15)}φ(x), . . . .Tâtad j ≥ 1, Rj(x) = pj(x)φ(x),kur pj ir (3j − 1)−âs pakâpes polinomi.Edgeworth izvirzîjums Sn sadalîjumam
P(Sn ≤ x) = Φ(x) + n−1/2p1(x)φ(x) + n−1p2(x)φ(x) + . . . .Sandra Vucâne Edgeworth izvirzîjumi



EL metode vienai izlasei kvantiïu gadîjumâX1, . . . ,Xn i.i.d. gadîjuma lielumi ar nezinâmu sadalîjumafunkciju F un parametru θ = θq = F−1(q);F̂h,p(θq) = n
∑i=1piGh(θq − Xi).w(Xi, θq) = Gh(θq − Xi) − q, kur Gh(x) = G(x/h),G(t) = ∫ t

−∞
K(x)dx un h ir joslas platums.Funkciju L(F) = ∏ni=1 pi maksimizç pie ierobeþojumiem:pi ≥ 0, ∑i pi = 1, ∑i piw(Xi, θ) = 0.
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EL metode vienai izlasei kvantiïu gadîjumâEmpîriskâ ticamîbas funkcija parametram θL(θ) = n
∏i=1pi = n

∏i=1n−1{1+ λ(θ)w(Xi, θ)}−1Empîriskâs ticamîbas attiecîba parametram θR(θ) = L(θ)L(θ̂) =
n
∏i=1{1+ λ(θ)w(Xi, θ)}−1,Logaritmiskâ empîriskâs ticamîbas attiecîbaW(θ0) = −2 log R(θ0) →d χ21,kad n → ∞ un H0 : θ = θ0 ir spçkâ.Sandra Vucâne Edgeworth izvirzîjumi



Bârtleta korekcija kvantiïu gadîjumâ1. No n−1∑i wi(1+ λwi)−1 = 0 iegûst λ :

λ = w̄−12 w̄1 + w̄−32 w̄3w̄21 + {2w̄−52 w̄23 − w̄−42 w̄4}w̄31
+

j
∑k=4R1kw̄k1 +Op{(n−1/2 + hr)j+1},2. Iegûst W(θ) izvirzîjumuW(θ) =n{w̄−12 w̄21 + 23w̄−32 w̄3w̄31 + (w̄−52 w̄23 − 12w̄−42 w̄4) w̄41
−
(2w̄−62 w̄3w̄4 − 2w̄−72 w̄33 − 25w̄−52 w̄5) w̄51}

+ n j
∑k=5R2kw̄k+11 +Op{n(n−1/2 + hr)j+2.}Sandra Vucâne Edgeworth izvirzîjumi



Bârtleta korekcija kvantiïu gadîjumâ3. W(θ) var uzrakstît formâ W(θ) = (n1/2S′j)2,S′j =w̄−1/22 {w̄1 + 13w̄−22 w̄3w̄21 + (49w̄−42 w̄23 − 14w̄−32 w̄4) w̄31
+

(2327w̄−62 w̄33 − 1112w̄−52 w̄3w̄4 + 15w̄−42 w̄5) w̄41
+

j
∑k=5Tkw̄k1} +U1j = Sj +U1j,4. Iegûst Edgeworth izvirzîjumu n1/2Sj sadalîjumam,5. Izpildoties zinâmiem nosacîjumiem, var iegût, ka

E {W(θ)} = 1+ n−1β + o(n−1),kur β = 16(3µ−22 µ4 − 2µ−32 µ23)Sandra Vucâne Edgeworth izvirzîjumi


