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levads

Meérkis: novértét lokacijas parametru ar robustas procediiras
palidzibu

m Hubera M-novértgjums (1964) - robusts lokacijas parametra
NovEértéjums

m Owen (1988) - empiriskas ticamibas metode, pielietojama ar7
M-novert&jumiem

m Hampel (2011) - gludais Hubera M-novértgjums

Procesa

Divu izlasu problematika: empiriskas ticamibas metode divu izlasu
gludo Hubera novert&jumu starpibas novertésanai
(Valeinis, Velina, Luta: abstract for ICORS 2011 conference)
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M-novért&jumi

M-novertégjums

Pienemsim, ka X1, Xo, ..., X, ~iid, X; ~ F. M-novert§jumu T},
defingé konkretai funkcijai p, kur T}, apmierina vienadojumu

> (i) = / ol £)dF(x), (1)

kur Fy, - empiriska sadalTjuma funkcija.
Ja p ir diferencéjama péc t, tad (1) sasniedz minimumu pie
sekojosa vienddojuma atrisindjuma:

> (X, t) =0,
i=1

kur ¢(x,t) = agp(x,t).
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M-novért&jumi

Pieméri

m Vid&ja vértiba. ¢(x,t) =x —t, T, = X.

m Vislielakas ticamibas (ML) novért&jums.
P(x,0) = — L log f(x, §) varbutibu blivuma funkeiju klasei
f(x,0), dod T, ka atrisindjumu no ticamibas vienddojuma

—log (Hf X;, 0 )

m Mediana. ¢(x,t) = ¢o(x — t), Yo(z) = ksgn(z), k > 0.
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Hubera novért&jums

Hubera novértéjums lokacijas parametram u
Hubers (1964) apvienoja viena novértéjuma labakas vidéjas
vértibas un medianas Tpasibas.

Pienemsim, ka F ir simetriska varbitibu blivuma funkcija

) = 21 (51,

g g

pienemsim, ka ¢ = 1. Lokacijas parametra ;1 M-novértgjumu
defing k3 sakni no vienadojuma

ijw (Xiat> 0. (2)

Hubera M-novértgjumu definé sekojosa funkcija 1 no (2):
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Hubera novért&jums

Hubera vismazaklabvéligais sadalTjums

Hubera M-novértéjums ir lokacijas parametra vislielakas ticamibas
novértéjums sadalljumam Hubera vismazaklabvéliga sadalfjumam
(HIf). HIf bivuma funkcija fy ir

(1 —e)op(k)exp(—k(x —k)), x>k
fi(x) = < (1 = €)g(x), ~k<x<k (4)
(1 —e)¢(k)exp(k(x +k)), x< -k,

kur k un € saista izteiksme 2¢(k)/k —2d(—k) =¢/(1 —€) un ¢, ¢
ir standartnormala blivuma un sadalijuma funkcijas.
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Hubera novért&jums

Hubera vismazaklabveligais sadalTjums

(a) Hubera vismazaklabveligais sadalijums salidzinajuma ar
standartnormalo sadalfjumu
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Hubera novért&jums

Hubera motivacija:
m Neierobezotam v-funkcijam ir nevélamas Tpasibas (nestabilas
pret izlécgjiem);
m Apliko k robezvértibas un 1y atbilstoSos M-novért&jumus:

m Jak — oo, tad ¥y ir X;
m Ja k — 0, tad ¢y ir mediana.

m k darbojas ka saskanoSanas konstante, kas nosaka robustuma
pakapi.

m Hubera novértéjumam ir minimax asimptotiska dispersija
sadalfjuma funkciju klasé

(1 —€)o(x) + eh(x),

kur ¢ ir N(0,1) blivuma funkcija, h - kada simetriska
sadalfjuma blivuma funkcija.
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Hubera novért&jums

Skaléts lokacijas parametra novértéjums

Realitatg, o # 1, un nav zinama, tapéc o janovérté ar kadu
robustu procediru. Biezi izmanto MAD (median absolute
deviation) novértgjumu.

MAD
Sp = MAD = median(|X; — median(Xj)]).

MAD ir robusts novértéjums, darbojas apmierinosi pat datos ar
izlecgju piejaukumu (ITdz pat 50% no datiem).
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Gludais M-novértéjums

Gludais M-novért&jums (Hampel, 1996)

Visparigai M-novertéumu funkciju klasei ¢ definé

P(x) = / (x + u)dQu (w), (5)

kur

m kur Qp var izvéleties ka sikotneja M-novertéjuma sadalijumu
n iid novérojumiem pie sakotnéji fikséta sadalTjuma.

m Gludina$anas pakape atkariga no izlases apjoma n.

m Qn var novértét ar N(0,V/n), kur V ir M-novértgjuma
asimptotiska dispersija.

m Tatad: jafiksé sadalijums, pie kura tiks aprékinata
asimptotiska dispersija.

m Gludinasanu var pielietot jau gludiem M-novért&jumiem.
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Gludais Hubera M-novért&jums

Gluda Hubera M-novért&juma -funkciju var izteikt analitiski
(parasti nevar!) ka

i) = v (M) - (1-0 ()
e (50) -2 (0)

kur o, = 1/V/n, un ® un ¢ ir N(0,1) blivuma un sadalfjuma
funkcijas.
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Gludais M-novértéjums

Piemérs
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(b) (c)
_ (a) Hubera novértgjuma ¢-funkcija;
(b) ¢ Gluda Hubera novértéjuma 1-funkcija; k=1.35.

Mara Vélipa Gludi M-novért&jumi robustaja statistika



Gludi M-novértéjumi robustaja statistika

Empiriskas ticamibas metode M-novert&jumiem

Empiriskas ticamibas metode M-novértéjumiem

m Owen (1988) showed that EL method can be applied to
certain M-estimators, including Huber estimator.

m Nonparametric Wilk’s theorem applies thus EL based
confidence intervals for Huber estimate can be obtained.

m Tsao, Zhu (2001) showed that EL based confidence intervals
preserves robustness.
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Empiriskas ticamibas metode M-novert&jumiem

EL confidence bands for Huber estimator

Empirical likelihood ratio for parameter t
n n n
R(t) = sup{HwiZwiw(Xi,t) =0,w; > O,Zwi =1}
i=1 =1 i=1

is maximized by [Jwi()), where
wi(A) = {n(1+AZ)} 7,

and Z; = ¢¥(Xj, t) and \ follows from

nt Y Zi/(1+ AZi) =0.
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Empiriskas ticamibas metode M-novert&jumiem

© ELvid.vert © ELvid.vert
W EL Huber EL Huber
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Figure: EL -2%In,(a) N(0,3) (b) 0.95 % N(0,3) + 0.05 % N(20, 3)
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Simulaciju rezultati

Simulation results for one sample problem

Table: Huber estimation for location parameter and its EL confidence
bands, alpha=0.05

N(0,3) 0.95 % N(0,3) + 0.05  N(20, 3)

sample len estimate len estimate
n=50  EL.huber 0.494 EL.huber -0.055 EL.huber 1706  EL.huber 0.159
EL.mean  0.492 EL.mean -0.064 EL.mean 3.14 EL.mean  1.008

t-test 0.506 mean -0.064 t-test 3.117  mean 1.008
z-test 0.554  huber -0.076 z-test 0.554  huber 0.159
Bootstrap  0.497 Bootstrap  3.057

n=20  EL.huber 0.667 EL.huber -0.167 EL.huber  2.478  EL.huber -0.441
EL.mean  0.667 EL.mean -0.167 EL.mean 4.894 EL.mean 0.498

t-test 0.732 mean -0.167 t-test 4.938  mean 0.498
z-test 0.877  huber -0.643 z-test 0.877  huber -0.441
Bootstrap  0.699 Bootstrap  4.583

n=10  EL.huber 1.001 EL.huber -0.067 EL.huber 4303  EL.huber -0.189
EL.mean  1.001 EL.mean -0.067 EL.mean  9.68 EL.mean  1.008

t-test 1.239 mean -0.067 t-test 11.494 mean 1.799
z-test 1.24  huber -0.201 z-test 1.24 huber -0.189
Bootstrap  1.039 Bootstrap  9.74
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Simulaciju rezultati

Two sample EL problem
Consider empirical likelihood-based method for the difference of
smoothed Huber estimators.
Given two independent samples X and Y with distribution
functions Fy and F», respectively, we have two unbiased estimating
functions:

Ep,w1(X,60,A) =0, Ep,wa(Y,6,A) =0,

where A is the parameter of interest and 0g is a nuisance
parameter. Specifically, A = 6; — g and

wi1(X, 00, A) = ¥ <X _ 90) wa(Y, 0, A) = " <Y_A+90> ’

01 02

where 61 and 65 are scale estimators, and 1Z corresponds to the
smoothed Huber estimator.
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Simulaciju rezultati

Novértésanas problémas redliem datiem

K& novértét asimptotisko dispersiju V gludaja Hubera
novértgjuma’?
m Fiksé sakotnéjo sadalijumu, novérté analitiski.
Pienemsim, ka 1 ir augosa. Dotam sadalijumam F, definé
= po(F) ka atrisindgjumu no Ert)(x — p9) = 0. Kad n — oo,
fl =p to. fu sadalTjums ir aptuveni
Er (¢ (x — 10)?)
(Er(¢'(x — po))?
Rets gadijums - Hubera novértéjumam v var atrast analttiski:
_ (0(x) — D(—k))?
2[k2(1 — d(k)) + ®(k) — .5 — ko(k)]
m Literatdira mingts V = /n, kas atbilst Hubera novértéjuma
asimptotiskai dispersijai jauktam normalam sadaltjumam ar

€ = 0.2 piesarnojumu unkonstanti k = 0.862.
m Aprékinat ar simulaciju palidzibu
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Simulaciju rezultati

2 pakapju novértésanas procedira

Novértét Hubera novértéjuma (negludinata) dispersiju:
m Reialiem datiem: ar butstrapa palidzibu novértét negluda
Hubera novértgjuma dispersiju;
m Simulétiem datiem: simulét N izlases, novértét V,,.
H Aprékinat gludinato Hubera novértéjumu, lietojot novértéto
V.

1. Piezime. Lai novértétu negludinato Hubera novértéjumu,
jaizlemj, ka novértét skalésanas parametru: MAD? SD? Const=17
2. Piezime: Hipotéze: Ir nozime, vai V,, novértg, vai lieto

konstanti V, = 1/2.046/n.
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Simulaciju rezultati

Analizéjot realo datu piemérus, secinats, ka vislabako rezultatu
sasniedz, skaléSanas parametru novértéjot ar MAD.

Table: Lokacijas parametra p gludais Hubera novért&jums un p-vértiba.
Hubera novértéjumam skaléSanas parametrs s , gludajam novért&jumam

dispersijas V novértéjums MAD, alpha=0.05

k=0.862 t-test

var.equal=F var.equal=T s=1 s=MAD s=sd
Data pval pval pval mu pval mu pval mu pval mu
1Q dataset  0.122 0.016 0.052 11.719 0.054 12.794 0.047 11.503 0.044 11.930
Palestinians  0.005 0.002 0.002 -8.317 0.009 -8.391 0.002 -8.412 0.002 -8.415
data9-10 0.112 0.106 0.019 -6.801 0.228 -2.546 0.093 -3.420 0.041 -5.087
datal0-11  0.632 0.626 0.620 0.705 0.568 0.800  0.537 0.871 0596 0.753
data9-11 0.147 0.097 0.033 -6.097 0.332 -1.747 0.164 -2.550 0.064 -4.331
Marazzil 0.192 0.000 0.023 -17.595 0.717 -0.209 0.665 -0.239  0.035 -6.302
Marazzil*  0.953 0.933 0.951 0.912 0.987 0.010 0.885 0.075  0.494 0.720
Marazzi2 0.081 0.080 0.021 3.021 0.052 1.058 0.076 1019 0.014 1.655
Marazzi3 0.886 0.886 0.886 -0.256 0.880 -0.144 0.118 -1.360  0.220 -1.220
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Simulaciju rezultati

Divu izlasu probléma. 1. piemérs.
Merkis: simulét izlasu parus ar vienadam vidgjam vértibam pu1, po,
aprékinat pu; — pup = 0 Tl parklajuma precizitati.
Divi Gamma(a, s) sadalijumi. lzlases apjoms n = 50, atkartojumi
N = 1000.

m 'y = Gamma(a = 0,5 = 1)

m Fy = Gamma(a=1,s = 1/0)

0.25
I

huber.varl hubervar2 ttest EL Huberl Huber2

q

8 3 3.278517  7.266661 0.94 0.938 0.883 0.934
° 4 4081278  12.67512  0.933 0.932 0.878 0.928
@ | 5 5751523  20.15433  0.924 0.919 0.873 0.918
° 6  6.81938 28.87526  0.943 0.926 0.872 0.926
° 7 8.214858  39.22282  0.926 0.919 0.855 0.919
S 10 11.82479  81.09296  0.925 0.917 0.861 0.917

20 24.6246 318.3097  0.935 0.932 0.86 0.932

0.05
I
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Simulaciju rezultati

Divu izlasu probléma. 2. piemérs.
Divi Gamma(a, s) sadalijumi ar piesarnojumu, n = 50, N = 1000.

m F; = (1 —¢€) * Gamma(a = 0,5 = 1) + Unif|[0, 50]

m Fo = Gamma(a=1,s = 1/0)

5 4 o hubervarl hubervar2 t.test EL Huberl Huber2

3 87 8.0 0.130 0.044 0.349  0.090
8 4 4 102 13.5 0.205 0.116 0.407  0.173
° 5 134 213 0.268 0.194 0.454  0.229
w | 6 16.0 31.2 0367 0296 0.512 0321
° 7 16.8 42.0 0.433 0.402 0.525 0.416
S 10 220 82.6 0.664 0.664 0.666  0.669
s 20 36.8 344.3 0.889 0.909 0.806  0.909
- 25 424 583.8 0.945 0950 0.886  0.950
| 50 86.8 21335 0.924 0.869 0.906  0.869
3

Gamma(a,s) blivuma funkciju grafiki; Simulacijas
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Simulaciju rezultati

Divu izlasu probléma. 3. piemérs.
Divi Cauchy(0,s) sadalfjumi, n = 50, N = 1000.
m F; = Cauchy(0,s = o)

m Iy, = Cauchy(0,s = 1/0)

- o huber.varl huber.var2 ttest EL Huberl  Huber2
3 25.5 0.311 0.971 0.764 0.654  0.625
5 75.4 0.117 0.981 0.731 0.618  0.498

S+ 7 155.7 0.063 0.974 0.758 0.668  0.588
10 278.4 0.031 0.980 0.792 0732  0.687
20 11469 0.008 0.975 0.931 0918  0.911
25  1790.2 0.004 0.979 0.946 0938  0.938

BN 50 73247 0.001 0.974 0.993 0992  0.992
100 289275 0.000 0.986 0.998 0.998  0.998

Cauchy(0,s) blivuma funkciju grafiki; Simulacijas
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Simulaciju rezultati

Divu izlasu probléma. 4. piemérs.

Divi lognormalie Inorm(meanolg, sdlog) sadalTjumi, n = 50,
N = 1000.

m Fy = Inorm(p,0) Fo = Inorm(0,1)

w | I o huber.varl huber.var2 ttest EL Huberl  Huber2
° -0.051 1.05 1.55 1.48 0.966 0.917 0.881 0.865
h -0.625 1.50 1.18 1.57 0.915 0.880 0.503  0.370
-1.500 2.00 0.47 1.48 0.796 0.774 0.018  0.001
34 -2.625 250 0.09 1.48 0.635 0.633 0.010  0.010
-4.000 3.00 0.01 1.48 0.469 0.477 0.016  0.016
ER -5.625 3.50 0.00 1.48 0.302 0.319 0.016  0.016

Lognormala sadalfjuma blivuma funkciju grafiki; Simulacijas
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Simulaciju rezultati

Divu izlasu probléma. 5. piemérs.

Divi dubulteksponencialie sadalfjumi doublex(0, o) sadaltjumi,
n =50, N = 200.

m F; = doublex(0, o)
m Fy = doublex(0, 1)

a huber.varl hubervar2 ttest EL Huberl Huber2

0.1 0.01 112 0.960 0.940 0.955 0.945
o | 0.2 0.05 1.19 0.955 0.935 0.950 0.950
° 05 0.30 1.19 0.940 0.940 0.945 0.945
2 4.78 119 0.955 0.935 0.965 0.960
31 5 29.85 1.19 0.965 0.940 0.960 0.945
10 119.39 1.19 0.965 0.945 0.960 0.940
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Simulaciju rezultati

Divu izlasu probléma. 6. piemérs.
Divi Hubera vismazaklabvéligie sadaltjumi hlf(0, o), n = 50,
N = 1000.

= Fy = hIf(0,0)
= F, = hif(0,1)

a huber.varl hubervar2 ttest EL Huberl Huber2

02 0.08 2.15 0.95 0.936 0.938 0.941
2 05 049 2.25 0.951 0.945 0.946 0.944
1 1.95 2.25 0.949 0.943 0.941 0.942
S 2 7.81 2.25 0.955 0.944 0.946 0.944
5 48.83 2.25 0.954 0.947 0.950 0.945
S 10 195.32 2.25 0.964 0.947 0.954 0.948
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Simulaciju rezultati

Divu izlasu probléma. 7. piemérs.
Divi Normalie sadalijumi ar piesarnojumu, n = 50, N = 1000.

m ;= (1—¢)xN(0,1)+ e * Unif[0, 50]
m Fy, =N(0,1/0)

o huber.var2 huber.varl t.test EL Huberl Huber2
© 1 1.142 2.786 0.047 0.002 0.211 0.137
° 7 2 0.275 2.862 0.041 0.001 0.149 0.084
© 5 0.044 2.862 0.041 0.647 0.686  0.663
° 10 0.011 2.862 0.041 0.997 0997  0.997
< 20  0.003 2.862 0.040 1.000 1.000 1.000
° 100 0.000 2.862 0.040 1.000 1.000 1.000

Norm3la sadalijuma blivuma funkciiu grafiki; Simulaciias
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Simulaciju rezultati

Simulation results for two sample problem

Conisder two models:
B Y; ~ (1 —¢)Gamma(a = 5; 0 = 1) + €Uniform|0; 50]

®m Y, ~ Gamma(a = 1;0 = 5)

Table: Coverage accuray and average confidence interval lengths based
on 1000 replicates, ny = n, = 50

t.int EL.hubl EL.hub2 Boot1 Boot2
acc ave acc len acc len acc len acc len
o=5 062 305 066 299 056 283 036 298 036 298

o= 0.69 356 073 351 065 334 038 346 038 3.47
o=7 074 409 077 404 0.72 3.85 0.44 397 045 3.99
o= 0.78 4.62 081 456 0.76 439 048 449 048 450

oc=9 081 519 084 513 0.80 495 0.50 5.00 050 5.02
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Simulaciju rezultati

Thank you for your attention!
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