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Anotâcija

Ðajâ kursa darbâ ROC lîknes (Receiver-Operating Characteristic Curves) tiek apskatî-

tas kâ matemâtisks objekts. Izmantojot definîciju un analoìijas ar citiem matemâtiskiem

objektiem tiek pçtîtas to îpaðîbas un raksturojoðie lielumi. Îpaða uzmanîba ir pievçrsta

lîkòu, un ar tiem saistîto lielumu, interpretâcijai, kâ arî pielietojumam praksç. Darba

otrajâ daïâ tiek izskatîti vairâki ROC lîkòu novçrtçðanas veidi, aprakstîti daþi ticamîbas

intervâlu konstruçðanas paòçmieni. Kursa darbs satur aprakstîto metoþu ilustrâcijas uz

simulçto datu piemçriem.
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Ievads

ROC lîknes (Reciever-Operating Characteristic curves) tika ieviestas 20. gadsimta

vidû un lietotas radio signâlu noteikðanas teorijâ ar mçríi atðíirt îstos signâlus, kuri tika

pavadîti ar trokðòiem. Vçlâk ðî pieeja tika vispârinâta un to sâka pielietot klasificçða-

nas testiem daudzâs nozarçs, piemçram, lçmumu pieòemðanas teorijâ, ekonomikâ, data

mining, kreditçðanâ u.t.t. Tagad ROC analîze ir guvusi ïoti plaðu pielietojumu klâstu.

Ðajâ darbâ ar jçdzienu tests sapratîsim klasificçðanas problçmu, kad balstoties uz testa

skaitlisko rezultâtu, kurð atrodas zem vai virs pieïaujamâ sliekðòa, objekts tiek pieskaitîts

pie vienas vai otras grupas. Pie noteiktas sliekðòa vçrtîbas nav grûti aprçíinât 1. un 2.

veida kïûdas, taèu tâda pieeja nedod pilnu priekðstatu par testu kopumâ. ROC analîze ir

metode, ar kuras palîdzîbu tiek mçrîta testa precizitâte neatkarîgi no lçmuma pieòemðanas

sliekðòa, tâpçc tâ ir plaði pielietota diagnostikas metoþu skaitliskâ apraksta izveidoðanai

un testu salîdzinâðanai visâm pieïaujamâm sliekðòa vçrtîbâm. Apskatîsim tikai tâdus

klasificçðanas testus, kuru vçrtîbas pieder reâlo skaitïu kopai.

ROC lîknes palîdz novçrtçt no testa iegûtas informâcijas ticamîbu, ar daþâdiem paòç-

mieniem izvçlçties testa optimâlo slieksni, skaitliski salîdzinât vairâkus testus un vizualizçt

rezultâtus, skaitliski izmçrît testa pareizîbu. Tâs tiek plaði pielietotas arî citâs statistikas

nozarçs, piemçram loìistiskajâ regresijâ.

Darba struktûra ir sekojoða:

1. ROC lîknes. Ðajâ nodaïâ ROC lîknes tiek definçtas gan intuitîvi, gan kâ matemâtisks

objekts, tiek izskatîtas tâs pamatîpaðîbas.

2. ROC lîkni raksturojoðie lielumi. Ðajâ nodaïâ tiek ieviesti un pçtîti lielumi, kuri palîdz

novçrtçt lîkni, interpretçt testa ticamîbu un salîdzinât lîknes, kâ rezultâtâ arî testus

savâ starpâ.

3. Novçrtçðanas metodes. Ðajâ nodaïâ uzmanîba tiek pievçrsta gan parametriskâm no-

vçrtçðanas metodçm, gan neparametriskâm. Metodes tiek salîdzinâtas uz simulçto

datu piemçriem.

4. Ticamîbas intervâli. Ðajâ nodaïâ ir aprakstîti daþi ticamîbas intervâlu konstruçðanas

paòçmieni, kuri tiek ilustrçti ar piemçriem.

5. Pielikumos ir kursa darba ietvaros uzrakstîto programmu kods.
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1. ROC lîknes

Lai labâk saprastu ROC lîknes jçdzienu, nodaïas sâkumâ ir izskatîti piemçri no me-

dicînas, kreditçðanas un signâlu noteikðanas teorijas. Tâlâk tiek dota lîkòu intuitîvâ un

matemâtiskâ definîcija. Balstoties uz matemâtisko definîciju ir formulçtas ROC lîkòu

îpaðîbas.

Sâksim ar piemçru no medicînas jomas, kurð bija publicçts þurnâlâ [1].

Intensîvâs terapijas nodaïâ atrodas grupa ar pacientiem, kuriem, iespçjams, ir sepse (asins

saindçðanâs). Pieòemsim, ka eksistç tests, ar kura palîdzîbu tiek noteikts, vai pacients ir

slims. Testa rezultâta vçrtîbu apzîmçsim ar Y . Uzskatîsim pacientu par slimu, ja testa

vçrtîba ir lielâka par slieksni c, par veselu, ja testa vçrtîba ir mazâka par c. Pieòemsim,

ka eksistç arî 'zelta standarts', kurð ïauj noteikt, vai pacientam tieðâm ir sepse. Salîdzinot

testa un 'zelta standarta' rezultâtus, iegûstam sekojoðu tabulu: TPF (true positive frac-

tion - patiesi pozitîva daïa) ir tâda slimo pacientu daïa, kuriem testa rezultâts ir pozitîvs

(pacients ir slims). FPR ir pacientu daïa, kuriem testa rezultâts bija pozitîvs neskatoties

uz to, ka pacients ir vesels. FNR un TNF attiecîgi ir slimi un veseli pacienti ar negatîvu

testa rezultâtu. Acîmredzami, ka pie fiksçta c tests ar lielâkâm TPF un TNF vçrtîbâm

ir uzskatâms par labâku nekâ tests ar mazâkâm TPF un TNF . Tas nozîmç, ka var labâk

atðíirt slimus pacientus no veseliem. Ilustrçsim piemçru ar attçlu 1.1. un tabulu 1.2..

ROC analîzç bieþi tiek lietoti termini sensitivity un specificity. sensitivity (jûtîgums)

râda, cik labi ar testa palîdzîbu var tikt noteikts slims pacients. Par specificity (specifiku)

tiek saukta testa spçja neuzskatît veselus pacientus par slimiem.

1.1. tabula Piemçra 1.1.1. ilustrâcija
Testa rezultâts ir pozitîvs Testa rezultâts ir negatîvs

Pacients ir slims TPF FNF

Pacients ir vesels FPF TNF
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1.1. att. Testa vçrtîbas sadalîjuma blîvuma funkcijas slimiem un veseliem pacientiem.

Grâmatâ [2] tiek apskatîts interesants ROC lîkòu pielietoðanas aspekts kreditçðanas

jomâ.

Pirms banka dod kredîtu potenciâlam klientam, tâ ar kâda testa palîdzîbu (praksç vis-

bieþâk pielieto 'Altmana Z' punktus un logit modeïus) novçrtç klienta turpmâko maksât-

spçju. Klientiem, kuriem punktu skaits ir lielâks vai vienâds par noteikto slieksni, pieðíir

kredîtu. Tâdâ veidâ visus klientus sadala potenciâli maksâtspçjîgos un maksâtnespçjîgos.

Pieòemsim, ka tie klienti, kuriem banka atteica, paòçma kredîtu citâ organizâcijâ. Pçc

'pçdçjâ' lîguma beigu termiòa paliek skaidrs, kuri no klientiem realitâtç varçja nokârtot

savas kredîtsaistîbas. Tâdâ veidâ visi klienti sadalâs uz TP (banka deva kredîtu, klients

to atmaksâja), TN (banka nedeva kredîtu, klients nevarçja atmaksât kredîtu citai orga-

nizâcijai), FP (banka deva kredîtu, klients to neatmaksâja), FN (banka nedeva kredîtu,

klients atmaksâja kredîtu citai organizâcijai). Ðajâ gadîjumâ ar ROC lîknes palîdzîbu var

ne tikai noteikt optimâlo slieksni, lai noteiktu klienta kredîtspçju, bet arî saprast, kurð

no vairâkiem testiem dod ticamâkus rezultâtus.

Piemçrs, kurð apraksta ROC lîkòu pirmssâkumus ir atrodams [3].

Otrâ pasaules kara laikâ bija ïoti svarîgi ar radaru palîdzîbu noteikt momentu, kad

kâdam objektam tuvojas ienaidnieka lidmaðîna. Tâtad, radaram bija jâatðíir pretinieku

lidmaðîna no putnu èivinâðanas un pârçjiem trokðòiem. Radara jûtîgumu pret ârçjiem

trokðòiem var regulçt. Jo labâk radars uztver trokðòus, jo lielâka varbûtîba, ka viltus

trauksmju lîmenis bûs liels, kas radîs zaudçjumus. Ja radara jûtîgums pret trokðòiem bûs

mazs, tad objektam draud briesmas un ienaidnieks uzbruks nepamanîts. Ir jâatbild uz

jautâjumu - kurð radars precîzâk atðíir ârçjos trokðòus no îstajâm trauksmçm.

Visu augðminçto piemçru problemâtika ir ïoti lîdzîga - novçrtçt, cik labi ar konkrçtâ
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1.2. tabula: Statistisko hipotçþu pârbaudes un diagnostisko testu terminoloìijas salîdzi-

nâjums.

Statistiskâs hipotçzes pârbaude Diagnostikas tests

Mçríis Pârbaudît H0 pret H1 Pârbaudît D = 0 pret D = 1

1. veida kïû-

da

α = P [noraidît H0|H0] FPF = P [ klasificçt D = 1|D = 0]

2. veida kïû-

da

1− β = P [noraidît H0|H1] TPR = P [ klasificçt D = 1|D = 1]

ticamîbas at-

tiecîba

LR(W ) = P [W |H1]/P [W |H0] LR(Y ) = P [Y |D = 1]/P [Y |D = 0]

testa palîdzîbu var atðíirt objektus, kuriem piemît kâda îpaðîba, no objektiem, kuriem

tâdas îpaðîbas nav. Apzîmçjot ar D îpaðîbu raksturojoðo funkciju, pieòemsim, ka D=1,

ja îpaðîba piemît objektam, un D=0, prçtçjâ gadîjumâ.

Nosakot testa vçrtîbas Y populâcijâm ar D=1 un D=0, iegûsim divas sadalîjuma

funkcijas. Mainot lçmuma pieòemðanas sliekðòa (c) vçrtîbas no −∞ lîdz +∞) iegûsim

TPR(c) un FNR(c) katram c. Attçlojot FPR(c) uz x ass un TPR(c) uz y ass, iegûsim

ROC lîkni. Lai labâk izprastu augstâk minçtos jçdzienus, salîdzinâsim statistisko hipotçþu

pârbaudes terminoloìiju ar diagnostikas testu terminoloìiju 1.2.. Mçìinâsim formalizçt

augðminçtos jçdzienus un definîcijas.

Definîcija 1. [3]

ROC(·) = {(FPF (c), TPF (c)), c ∈ (−∞,+∞)}, (1.0.1)

kur Y ir iespçjamâs testa rezultâta vçrtîbas, c ir lçmuma pieòemðanas slieksnis, TPF (c) =

P [Y > c | D = 1], FPF (c) = P [Y > c | D = 0] un D ir klasificçðanas pazîmes

indikatorfunkcija.

No ROC lîknes definîcijas 1.0.1 seko, ka lîkne vienmçr atradîsies apgabala [0, 1] ×

[0, 1] iekðpusç, jo gan TPR(c), gan FPR(c) ir varbûtîbas, tâpçc pçc definîcijas var

pieòemt vçrtîbas no 0 lîdz 1. Turklât, limc→+∞ TPF (c) = 0, limc→+∞ FPF (c) = 1,

limc→−∞ TPF (c) = 1, limc→−∞ FPF (c) = 0. ROC lîkne var tikt pierakstîta vçl vienâ

veidâ.

ROC(·) = {(t, ROC(t)), t ∈ (0, 1)}
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Lai precizçtu ROC lîknes definîciju statistikas valodâ, izskatîsim ROC lîknes matemâtis-

kâs îpaðîbas.

Apgalvojums 1. [4] ROC lîkne ir invarianta attiecîbâ pret stingri augoðâm Y

transformâcijâm.

Pierâdîjums. Pieòemsim, ka (FTP (c), TPF (c)) ir ROC lîknes punkts, kurð atbilst testa

vçrtîbai Y . Lai h ir monotoni augoða transformâcija un W = h(Y ), d = h(c). Tad

P [W ≥ d|D = 0] = P [Y ≥ c|D = 0]. Tâtad ROC lîkne priekð Y sakritîs ar ROC lîkni

priekð W . Lîdzîgi var pierâdît, ka katrs no W atkarîgâs ROC lîknes punkts ir arî no Y

atkarîgâs ROC lîknes punkts.

Apgalvojums 2. [4] Ja FD=1(y) un FD=0(y) ir attiecîgi objektu ar pazîmi raksturojo-

ðas funkcijas vçrtîbâm D = 1 un D = 0 sadalîjuma funkcijas, FD=1(y) = P [Y < y|D = 1]

un FD=0(y) = P [Y ≤ y|D = 0], tad ROC lîkne ir izskatâ

ROC(t) = 1− FD=1(F
−1
D=0(1− t)), t ∈ (−∞,+∞). (1.0.2)

Pierâdîjums. Ðis apgalvojums seko no ROC lîknes un sadalîjuma funkcijas definîcijas

1.0.1. Pieòemsim, ka c = (F−1
D=0(1 − t)), t.i. c ir slieksnis, kurð apmierina vienâdojumu

FPF (c) = t.

P [Y > c|D = 0] = t]⇒ P [Y > c|D = 0] = 1− P [Y ≤ c|D = 0] = t] = t

Tâtad,

1− FD=0(c) = t⇒ c = F−1
D=0(1− t)

Atbilstoðu ROC lîkni meklçsim pçc definîcijas.

ROC(t) = P [Y > c|D = 1] = P [Y > F−1
D=0(1− t)|D = 1] = 1− FD=1(FD=0

−1(1− t))

Sekas 1. [4] [5] ROC lîkne var bût pierakstîta izskatâ

ROC(t) = SD=1(S
−1
D=0(t)),

kur S(y) = P [Y > y].

Apgalvojums 3.[4] Ja S(y) = P [Y > y] ir izdzîvoðanas funkcija, tad ROC lîknes

atvasinâjums punktâ t ir izskatâ

∂ROC(t)

∂t
=
fD=1(S

−1
D=0(t))

fD=0(S
−1
D=0(t))

. (1.0.3)
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Pierâdîjums. Mums ir

∂SD=1(S
−1
D=0(t))

∂t
=
∂SD=1(S

−1
D=0(t))

∂S−1
D=0(t)

· ∂S
−1
D=0(t)

∂t
= −fd=1(S

−1
D=0(t)) ·

∂S−1
D=0(t)

∂t
.

Rezultâts ir spçkâ, jo
∂S−1

D=0(t)

∂t
=

1
∂SD=0(w)

∂w

=
1

−fD=0(w)
,

kad w = S−1
D=0(t).

Pievçrsîsim uzmanîbu faktam, ka ROC lîknes atvasinâjums [?] var bût interpretçts kâ

ticamîbas attiecîba LR(c) = P [Y=c|D=1]
P [Y=c|D=0]

punktam (t, ROC(t)), kur c apmierina vienâdoju-

mu c = S−1
D=0(t). Daudzos gadîjumos tiek sagaidîts, ka palielinoties c pieaugs arî ticamîbas

attiecîbas LR(c) = fD=1(c)
fD=0(c)

vçrtîba. Dotajai funkcijai ir ïoti svarîga loma medicînas testu

pçtîðanâ. Mçs pieminçsim tikai svarîgâko signâlu noteikðanas teorijas rezultâtu.[4]

Apgalvojums 4.[4] Uz testa vçrtîbâm Y balstîts optimâlais priekðmetu klasificçðanas

kritçrijs ir

LR(Y ) > c,

t.i. TPF , izpildoties dotajai nevienâdîbai, sasniedz maksimâlo vçrtîbu starp visâm iespç-

jamâm. Izsakot t, iegûstam t = P [LR(Y ) > c|D = 0].

Pierâdîjums. Pierâdîjums seko no Neimaòa-Pîrsona lemmas

Turklât,

(i) ja testa vçrtîbas ir tâdas, ka LR(·) ir monotoni augoða, tad lçmuma pieòemðanas

kritçrijs, kurð ir balstîts uz lielâkajâm Y vçrtîbâm, bûs optimâls, jo tas ir lîdzvçrtîgs

kritçrijam LR(Y ) > c;

(ii) ROCW=LR(Y )(t) lîknei priekð W = LR(Y ) ir spçkâ

ROCW=LR(Y )(t) > ROC(t), ∀t ∈ (0, 1),

tâpçc tâ ir optimâla ROC lîkne;

(iii) optimâla ROC lîkne ir ieliekta;

Pierâdîjums. Ja mçs definçjam funkciju L = LR(Y ), tâs atvasinâjums pie sliekðòa

vçrtîbas x bûs vienâds ar P [L=x|D=1]
P [L=x|D=0]

= x, kas pçc definîcijas ir monotoni augoðs

pçc x. Tâpçc no t = P [L > x|D = 0] atkarîgs ROC lîknes atvasinâjums ir

monotoni dilstoðs.
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No pçdçjâs îpaðîbas var saprast, ka, ja LR(Y ) bûtu zinâma, tad Y bez grûtîbâm varçtu

bût transformçts uz tâ optimâlajâm vçrtîbâm. Taèu praksç LR(Y ) nav zinâma. Tâ

var bût novçrtçta no datiem, lai iegûtu optimâlo transformâciju. Gadîjumos, kad Y ir

viendimensionâls lielums, transformâciju pielietoðanai nav lielas nozîmes.

Apgalvojums 5.[4][3] Lai testa izmaksu funkcija ir dota veidâ

Cost(T ) = C + C+
D=1ROC(t)ρ+ C−D=1(1−ROC(t))ρ+ C+

D=0t(1− ρ), (1.0.4)

kur, runâjot pieòemtajâ ROC analîzç medicînas terminos

(i) C ir testa (diagnostikas) izmaksas;

(ii) C+
D=1 un C−D=1 ir attiecîgi slimo pacientu ârstçðanas un smagâkas saslimðanas iz-

maksas, ja diagnostikas rezultâti bûs pozitîvi vai negatîvi. Parasti praksç C−D=1 >>

C+
D=1;

(iii) C+
D=0 ir nevajadzîgas ârstçðanâs izmaksas un morâlu zaudçjumu kompensâcija, kas

var rasties pacientam, neprecîzas diagnostikas rezultâtâ;

(iv) ρ = P [D = 1].

Tad slieksnim, kurð minimizç izmaksas, ir jâapmierina vienâdîba

∂ROC(t)

∂t
=

1− ρ
ρ
· C+

D=0

C−D=1 − C
+
D=1

. (1.0.5)

Lai saprastu, vai testa veikðanai ir ekonomiska jçga, praksç bieþi vien salîdzina testçðanas

izmaksas ar izmaksâm, kuras var rasties, ja testu neveic, t.i.

Cost(NT) = ρC−D=1 (1.0.6)
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2. ROC lîkni raksturojoðie lielumi
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2.1. att. Divu ROC lîkòu salîdzinâjums

Ðajâ nodaïâ tiks apskatîti ROC lîkni raksturojoðie lielumi un paskaidrots, kâ ar to

palîdzîbu var salîdzinât vairâkas lîknes.

Lai saprastu, kâ ar ROC lîkòu palîdzîbu var izvçlçties starp vairâkiem testiem labâko,

apskatîsim tâs raksturojoðos lielumus. Testa kvalitâte ir atkarîga no tâ, cik tuvu ROC

lîkne atrodas punktam (0,1).

2.1. Laukums zem ROC lîknes (AUC)

Aplûkosim piemçru, kurð ir atspoguïots attçlâ 2.1.. Ir acîmredzams, ka pirmais tests,

N(0, 1) pret N(3, 2), ir labâks par otro, exp(5) pret exp(40), jo sadalîjuma blîvuma fun-

kcijas atrodas tâlâk viena no otras un mçs varam vieglâk atðíirt atbilstoðâs sadalîjuma

blîvuma funkcijas. Attiecîgâ ROC lîkne atrodas ïoti tuvu punktam (0,1) un tâlu no 1
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kvadranta bisektrises. Otrajâ gadîjumâ atðíirt sadalîjuma blîvuma funkcijas ir grûti, jo

tâs gandrîz sakrît. Otrâ ROC lîkne atrodas diezgan tuvu diagonâlei. Acîmredzami, ka

vienâdu salîjuma blîvuma funkciju gadîjumâ ROC lîkne sakritîs ar diagonâli un testam

nebûs nekâdas jçgas. Var pamanît, ka 'labâkai' lîknei TPF pret FPF attiecîba ir lielâka,

tas nozîmç, ka vairâk ojektu, kuri ir klasificçti kâ pozitîvi, tieðâm ir pozitîvi.

Visvairâk izplatîts ROC lîkòu raksturojoðs lielums ir laukums zem ROC lîknes, kuru

turpmâk apzîmçsim ar AUC (Area under curve), t.i.

AUC =

∫ 1

0

ROC(t)dt (2.1.1)

Perfektam testam AUC=1, bet testam, kurð nevar dot nekâdu informaciju, ROC(t) =

t un AUC=0.5. Skaidrs, ka tests A ir labâks par testu B, ja ROCA(t) ≥ ROCB(t),

∀t ∈ (0, 1), no tâ seko AUCA ≥ AUCB. Apgrieztais apgalvojums vispârîgajâ gadîjumâ

nav spçkâ.

Apgalvojums 1.[6]

AUC = P [YD=1 > YD=0].

Pierâdîjums.

AUC =

∫ 1

0

ROC(t)dt =

∫ 1

0

SD=1(S
−1
D=0(t))dP[YD=1 > YD=0] =

∫ +∞

−∞
SD=1(y)dS−1

D=0(y) =

∫ +∞

−∞
P [YD=1 > y]fD=0(y)dy

Òemot vçrâ, ka pieòçmums par YD=1 un YD=0 ir spçkâ, iegûstam

AUC =

∫ +∞

−∞
P [YD=1 > y|YD=0 = y]dy = P [YD=1 > YD=0].

Lai formulçtu nâkamo apgalvojumu, definçsim empîrisko ROC lîkni.

Apgalvojums 2. [6] Ja

F̂D=0(p) =
1

n0

n0∑
i=1

I(yD=0 ≤ p),

F̂D=1(p) =
1

n1

n1∑
i=1

I(yD=1 ≤ p),
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tad empîriskâ ROC lîkne ir izskatâ

ˆROC = 1− F̂D=1(F̂
−1
D=0(1− t)), ∀0 ≤ t ≤ 1. (2.1.2)

Apgalvojums 3. [6] Laukums zem empîriskâs ROC lîknes ir vienâds ar ρ statistiku,

kura ir vienâda ar Mann-Whitney normçtu U-statistiku, t.i. U
n0n1

.

ˆAUC = 1−
n0∑
j=1

n1∑
i=1

I[yi,D=1 > yj,D=0] +
1

2
I[yi,D=1 = yj,D=0] (2.1.3)

Mann-Whitney U -statistikas definîcija var tikt atrasta [5].

Pierâdîjums. Pierâdîjums kïûst acîmredzams no 2.2. attçla. Sâkumâ vienkârðîbas dçï

pieòemsim, ka yd=1 un yd=0 visi ir daþâdi, tad katrs lîknes horizontâls solis, kurð atbilst

testa vçrtîbai yd=0 pievieno laukumam zem ROC lîknes taisnstûri ar laukumu 1
nD=0

×
ˆTPF (yj,D=0) = 1

nD=0
×

∑
i[yi,D=1>yj,D=0]

nD=1
. Rezultâts ir spçkâ, jo empîriskâ ROC lîkne sastâv

no tâdiem èetrstûriem. Kad yd=1 un yd=0 vçrtîbas atkârtojas, laukumam pieliekam klât vçl

taisnstûra trîsstûri ar katetçm nD=0 un nD=1, kura laukums ir 1
2
(1/nD=0×1/nD=1yi,D=1 =

yj,D=0.

0.0 0.2 0.4 0.6 0.8 1.0

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

FPF

T
P

F

1

n0

2.2. att. Empîriskâ ROC lîkne un tâs laukums

2.2. ROC lîkne pie fiksçta FPR un ROC lîknes parci-

âls laukums

Daþreiz, piemçram, kad testa vçrtîbas nevar pieòemt vçrtîbas no -∞ lîdz +∞, vai

tâdas vçrtîbas ir sastopamas ïoti reti, vai arî pie noteiktâm testa vçrtîbâm var panâkt

bezkïûdainu objektu klasificçðanu, ROC lîkne visâ garumâ nesastâda îpaðu interesi. Ðâdos
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gadîjumos ir pieòemts apskatît ROC lîkni pie fiksçta FPR, t.i. ROC(t0). Testu A un B

salîdzinâðana notiek, fiksçjot t0 un apskatot ROC(t0)A un ROC(t0)B. ROC(t0) vçrtîbai

ir acîmredzama interpretâcija - tâ ir vienâda ar objektu ar D = 1 proporciju, ar testa

rezultâtu (1 − t0) kvantîli, priekð objektiem ar D = 0. Pie maziem t, t.i. 0.05 vai

0.01 ðî kvantîle tiek interpretçta kâ pieïaujams testa rezultâta augðçjais slieksnis. Tâpçc

ROC(t0) ir objektu, ar îpaðîbu D = 1 daïa , kuru testa vçrtîba pârsniedz pieïaujamo.

Ðis raksturlielums ir nepilnîgs un nedod informâciju par visu lîkni. Kompromisa variants

starp AUC un ROC(t0) ir ROC lîknes parciâls laukums, kas ir vienâds ar

Definîcija 1. [6][4]

pAUC(t0) =

∫ t0

0

ROC(t)dt.

Ðis raksturlielums var pieòemt vçrtîbas no t02/2 lîdz t0. t02/2 - priekð neinformatîva testa,

t0 - priekð ideâla testa. Daþreiz apskata normçtu ROC lîknes parciâlo laukumu, kurð ir

interpretçjams kâ

pAUC(t0)/t0 = P [YD=1 > YD=0|YD=0 > S−1
D=0(t0)]. (2.2.1)

Nepiecieðamîbas gadîjumâ var apskatît arî

pAUC(t0, t1) =

∫ t1

t0

ROC(t)dt. (2.2.2)

2.3. ROC lîknes maksimâlais attâlums lîdz ROC(t)=t

ROC lîknes maksimâlais attâlums lîdz taisnei ROC(t) = t parâda, cik tâlu lîkne

atrodas no pilnîgi neinformatîvas lîknes un var pieòemt vçrtîbas no 0 lîdz 1. Interesanti ir

tas, ka ðis raksturlielums atrodas cieðâ saistîbâ ar Kolmogorova-Smirnova statistiku, kura

mçra attâlumu starp diviem sadalîjumiem. Ir spçkâ

Apgalvojums 4. [6]

KS = max
t
|ROC(t)− t| = max

t
|ROC(t)− t| = max

t
|SD=1(S

−1
D=0(t))− t| =

sup
c∈(−∞,+∞)

|SD=1(c)− SD=0(c)|. (2.3.1)

Tas nozîmç, ka ðî statistika raksturo attâlumu starp YD=0 un YD=1
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2.4. Simetrijas punkts

Simetrijas punktâ Sym ir spçkâ apgalvojums

TPF = 1− FPF,

citiem vârdiem

ROC(Sym) = 1− Sym.

Runâjot statistikas valodâ, ðis punkts izvçlas 1. veida un 2. veida kïûdu sabalansçto

vçrtîbu.

Apkoposim ðîs nodaïas rezultâtus tabulâ 2.1..

2.1. tabula ROC lîkni raksturojoðie lielumi

Apzîmçjums Definîcija Interpretâcija

AUC
∫ 1

0
ROC(t)dt P [YD=1 > YD=0]

ROC(t0) ROC(t0) P [YD=0 > q]

pAUC(t0)
∫ t0

0
ROC(t)dt t0P [YD=1 > YD=0|YD=0 > q],

q = 1− t0 YD=0 kvantîle

Sym ROC(Sym) = 1− Sym Sensitivity=Specificity

KS maxt |SD=1(S
−1
D=0(t))− t| supc∈(−∞,+∞) |SD=1(c)− SD=0(c)|
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3. Novçrtçðanas metodes

Praksç bieþi vien sanâk sastapties ar problçmu, ka ROC lîkne nav zinâma un, lai varçtu

salîdzinât vairâkus testus un izmantot ROC lîknes raksturlielumus statistisko lçmumu

pieòemðanai, tâ ir jânovçrtç no datiem. Pçdçjos gados ir izstrâdâta vesela virkne gan

parametrisko, gan neparametrisko metoþu ROC lîknes novçrtçðanai. Apskatîsim tikai

daþas no tâm. Lai aptuveni saprastu, kâ strâdâ viena vai otra metode, salîdzinâsim

novçrtçto ROC lîkni ar îsto ROC(t) = 1−FD=1(F
−1
D=0(1− t)). Tâdam nolûkam ìenerçsim

datus, fD=0 un fD=1 vietâ òemot attiecîgi

(i) N(0, 1) un N(1, 1),

(ii) exp(40) un exp(5).
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3.1. att. N(0, 1), N , exp(40), exp(5) un atbilstoðâs ROC lîknes

Uzzîmçsim dotâs sadalîjuma blîvuma funkcijas un tâm atbilstoðâs ROC lîknes 3.1., kâ

arî aprçíinâsim galveno ROC lîkni raksturojoðo lielumu - ˆAUC
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3.1. Empîriskâ ROC lîkne

Atcerçsimies empîriskâs ROC lîknes definîciju 2.1.2. Jâatzîmç, ka òemt t ∈ (0, 1)

praksç nav jçgas, tas nedod rezultâta uzlabojumu, jo pakâpienveida funkcijas lçcieni notiek

tikai punktos, kur ir dati, tâpçc vektora t vietâ òem sort(yD=0, yD=1). Pieòemsim, ka

izlaðu apjomi sakrît un ir vienâdi ar n. Apskatîsim, kâda atkarîba pastâv starp ROC

lîknes novçrtçðanas, ar ˆROC precizitâti, no izlaðu apjomiem.
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3.2. att. Izlases N(0, 1), N(1, 1), exp(40), exp(5) un atbilstoðâs ˆROC lîknes, n = 50
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3.3. att. Izlases N(0, 1), N(1, 1), exp(40), exp(5) un atbilstoðâs ˆROC lîknes, n = 20
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3.4. att. Izlases N(0, 1), N), exp(40), exp(5) un atbilstoðâs ˆROC lîknes, n = 10

Izmantojot kursa darba ietvaros uzrakstîto R kodu, aprçíinâsim laukumus un tos

salîdzinâsim 3.1.. Atcerçsimies, ka laukumu aprçíinâðana var tikt aizvietota ar normçtu

Mann-Whitney U-statistiku. Laukumu novçrtçjumi mainâs diezgan bûtiski atkarîbâ no n.

Redzam, ka, samazinoties izlases apjomam, ˆAUC aug un tiek pârvçrtçts, kas varçtu novest

pie neprecîziem secinâjumiem par testa kvalitâti. Var iedomâties, kas bûs gadîjumâ, kad

izlaðu apjoms bûs mazâks par 10. Taèu praksç, îpaði medicînâ, tâdi gadîjumi ir sastopami.

3.1. tabula AUC un ˆAUC daþâdiem izlases apjomiem

AUC ˆAUC, n = 50 ˆAUC, n = 20 ˆAUC, n = 10

N(0, 1), N(1, 1) 0.7603 0.7896 0.820 0.820

exp(40), exp(5) 0.889 0.868 0.860 0.910
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3.2. tabula Parametrisko ROC lîkòu parametru novçrtçjumu salîdzinâjums

Statistika N(0, 1) N(1, 1) exp(40) exp(5)

Îstâs vçrtîbas

µ 0 1 - -
√
σ2 1 1 - -

AUC 0.7603 0.8890

n=50

µ 0.6914 1.2348 0.0279 0.1923
√
σ2 1.1297 0.9182 0.0267 0.2206

AUC 0.7884 0.8680

n=20

µ 0.1955 1.3763 0.0292 0.1759
√
σ2 1.0586 0.8013 0.0240 0.2044

AUC 0.8131 0.7609

n=10

µ 0.2112 0.5665 0.0224 0.1871
√
σ2 0.9850 1.0474 0.0172 0.2431

AUC 0.8271 0.7504

3.2. Parametriskâ ROC lîkne

Parametriskâs metodes bûtîba ir sekojoða - mçs pieòemam, ka dati ir sadalîti jau

pçc iepriekð zinâma sadalîjuma, novçrtçjam sadalîjuma funkcijas parametrus, piemçram,

izmantojot maksimâlâs ticamîbas novçrtçjumus un bûvçjam ROC(t) kâ nepârtraukto fun-

kciju no t.[3] Ilustrçsim ðo metodi ar piemçru. Izmantosim datus, ìenerçtus no jau iepriekð

minçtajiem sadalîjumiem, t.i. N(0, 1), N(1, 1) un exp(40), exp(5). Bûvçjot parametrisko

novçrtçjumu, pieòemsim, ka dati ir neatkarîgi un sadalîti normâli. Izmantosim maksimâ-

lâs ticamîbas paramertu novçrtçjumus, t.i., ja mums ir dati x1, x2, ..., xn, tad x̂ =
∑n
i=1 xi
n

un σ̂2 =
∑n
i=1(xi−x̂)2

n
. Parametru novçrtçðanas rezultâtus apkoposim tabulâ 3.2., ROC

lîknes novçrtçðanu ar parametrisko metodi ilustrçsim ar zîmçjumiem 3.5. ,3.6..
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3.5. att.: ROC lîknes no N(0, 1), N(1, 1) un exp(40), exp(5) un atbilstoðâs parametriski

novçrtçtâs ˆROC lîknes
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3.6. att.: ROC lîknes no N(0, 1), N(1, 1) un exp(40), exp(5) un atbilstoðâs parametriski

novçrtçtâs ˆROC lîknes

Var redzçt, ka eksponenciâlâ sadalîjuma metode strâdâ ne pârâk labi. Ðâdos gadîjumos

var mçìinât transformçt datus, lai tie atgâdinâtu datus no normâlâ sadalîjuma. Parasti

izmanto Box-Cox transformâciju [7], kura ir izskatâ

x(λ) =

 xλ−1
λ

,λ 6= 0

lnx ,λ = 0
(3.2.1)

λ izvçlas tâdu, lai maksimizçtu maksimâlâs ticamîbas funkcijas logaritmu

f(x, λ) = −n
2

ln[
n∑
i=1

(xi(λ)− x(λ))2

n
] + (λ− 1)

n∑
i=1

ln(xi),

x(λ) =
1

n

n∑
i=1

xi(λ).

Praksç bieþi vien izmanto λ = 0.5 vai λ = 0. Eksponenciâli sadalîtiem datiem pielie-

tosim transformâciju ar λ = 0.5 un atkal uzzîmçsim ROC lîkni. Ir sasniegti acîmredzami

rezultâtu uzlabojumi 3.7..
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3.7. att.: ROC lîkne no exp(40), exp(5) un atbilstoðâ parametriski novçrtçtâ ROC lîkne,

n = 10. Gadîjums, kad tiek lietota Box-Cox transformâcija
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3.3. Neparametriskâ ROC lîkne

Viens no veidiem, kâ novçrtçt ROC lîkni ir izmantot kodolu gludinâðanu. Ðî metode

tika aprakstîta vairâkâs zinâtniskâs publikâcijâs un grâmatâs [8] [9] [10] [11]. Definçsim

gludinâtas sadalîjuma un sadalîjuma blîvuma funkcijas, ar kurâm tiek aizstâtas îstâs

funkcijas.[12].

Definîcija 1. Pieòemsim, ka k(x) ir sadalîjuma blîvuma funkcija, K(x) ir sadalîjuma

funkcija, tad gludinâtas sadalîjuma blîvuma un sadalîjuma funkcijas bûs izskatâ

f̃m(x) =
1

nh

n∑
i=1

k
(x−Xi

h
),

F̃m(x) =
1

n

n∑
i=1

K(
x−Xi

h
).

, , No teorijas ir zinâms, ka novçrtçðanas rezultâts nav tik ïoti atkarîgs no funkcijas k(x)

izvçles. Svarîgâkais ir pareizi izvçlçties h. Tâpçc funkcijas k(x) vietâ òemsim [3]

k(
x− yi
h

) =

 15
16

[1− (x−yi
h

)2]
2

,∀x ∈ (yi − h, yi + h)

0 ,pretçjâ gadîjumâ

ko var pârrakstît kâ

k(x) =

 15
16

[1− x2]
2 ,∀x ∈ (−1, 1)

0 ,pretçjâ gadîjumâ

Joslas platumu novçrtçsim izmantojot vairâkus paòçmienus : iebûvçtâs R komandas hcv

un bw.nrd ('rule-of-thumb') [5], paðrakstîto kodu priekð 'cross-validation', pçc 'Normâlâ

sadalîjuma likuma' [12], kâ arî pçc formulas [4]

h = 0.9 min(SD, IQR/1.34)/n1/5,

kur SD ir standartnovirzes novçrtçjums no datiem un IQR ir 3. un 1. empîrisko kvartiïu

starpîba. Formula dod tâdu paðu novçrtçjumu kâ iebûvçtâ procedûra bw.nrd0. Atcerçsi-

mies, ka 'cross-validation' metodes bûtîba ir atrast tâdu h, pie kura funkcija

1

n

n∑
i=1

∫
f̂ 2
−i(x)dx− 2

n

n∑
i=1

f̂−i(yi)

sasniedz savu minimâlo vçrtîbu [12]. Abos gadîjumos, ìenerçsim izlases ar apjomu n =

10. Rezultâti ir redzami attçlos 3.8. 3.9.. Normâlajam sadalîjumam sanâk apmierinoði
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rezultâti, ko nevar teikt par eksponenciâlo. Neviena no augðminçtajâm joslas platuma

novçrtçðanas metodçm nestrâdâ. Vienîgâ metode, ar kuru izdodas piemeklçt 'labu' h

- ir 'uz aci'. Tas nozîmç, ka ðâda veida sadalîjumiem ir jâpiemçro vai jâizstrâdâ citas

novçrtçðanas metodes. Iespçjams, problçma ir apstâklî, ka visas izmantotâs metodes

novçrtç Fn1(·) un Fn2(·) atseviðíi katrai izlasei.
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3.8. att.: ROC lîknes no N(0, 1), N(1, 1) un atbilstoðâs neparametriski novçrtçtâs ˆROC

lîknes
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3.9. att.: ROC lîknes no exp(40), exp(5) un atbilstoðâs neparametriski novçrtçtâs ˆROC

lîknes
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4. Ticamîbas intervâli

4.1. Vienlaicîgi, apvienotie ticamîbas intervâli

Vienlaicîgi, apvienotie ticamîbas intervâli izmanto Kolmogorova-Smirnova testa sta-

tistiku D, lai neatkarîgi novçrtçtu ticamîbas intervâlus priekð TPF un FPF . Tâdâ veidâ

ap katru empîriskâs ROC lîknes lçcienpunktu tiek bûvçts èetrstûris, kura malu garums

ir 2d un 2e. d = D/
√

(n1) - ticamîbas intervâla platums priekð TPF un e = D/
√

(n2)

- ticamîbas intervâla platums priekð FPF . Tâlâk, lai iegûtu augðçjo ticamîbus intervâlu

priekð ROC lîknes, tiek savienoti èetrstûru augðçjâs kreisâs virsotnes. Priekð apakðçjâ

ticamîbas intervâla iegûðanas, savieno èetrstûru apakðçjâs labâs virsotnes 4.1.. Jâòem

vçrâ, ka ðî metode var tikt izmantota priekð izlasçm ar apjomu 35 un vairâk. Jâpatur

prâtâ arî tas, ka, ja priekð TPF un FPF tiks izvçlçts (1 − α) ticamîbas rezultâts, tad

ROC lîknei tas bûs (1 − α)2 ticamîbas intervâls [13]. Ilustrçsim ðo metodi ar piemçru.

Ìenerçsim datus no N(0, 1) un N(1, 1). Òemsim n = 50 un n = 100. Lai precîzâk novçr-

tçtu ticamîbas intervâlu platumu, simulçsim Kolmogorova-Smirnova statistikas vçrtîbas

priekð n = 50 un n = 100 ar α = 0.25 un α = 0.005, lai (1−α)2 attiecîgi bûtu vienâds ar

0.95 un 0.99. Simulâciju rezultâtus attçlosim tabulâ 4.1.. Ticamîbas intervâlus attçlosim

4.1. tabula Simulçta Kolmogorova-Smirnova statistika
α = 0.25 α = 0.005

n = 50 1.45 1.67

n = 100 1.47 1.69

zîmçjumos 4.2.
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4.1. att. Vienlaicîgu, apvienoto ticamîbas intervâlu konstrukcija
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4.2. att. Vienlaicîgi, apvienotie ticamîbas intervâli (n = 50, n = 100)

4.2. Uz normâlo sadalîjumu balstîtie ticamîbas inter-

vâli
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4.3. att. Uz normâlo sadalîjumo balstîtie ticamîbas intervâli (n = 50, n = 100)

Priekð lielâm n vçrtîbâm, ROC lîknes dispersija var tikt aprçíinâta kâ

var( ˆROC(t) =
ROC(t)(1−ROC(t))

nD=1

+ (
fD=1(c)

fD=0(c)
)
2

· t(1− t)
nD=0

,

kur c = S−1
D=0(t), fD=1 un fD=0 ir sadalîjuma blîvuma funkcijas.

Dispersija katrâ empîriskâs ROC lîknes punktâ var tikt novçrtçta, aizstâjot fD=1 un

fD=0 ar gludinâtâm sadalîjuma blîvuma funkcijâm, òemot t vietâ vektoru FPF un priekð

katra FPF aprçíinot c = Ŝ−1
D=0(t).

ROC lîknes ticamîbas intervâli var bût konstruçti, kâ ir aprakstîts grâmatâ [4].

ˆROC(t) = ±Φ−1(1− α

2
)

√
v̂ar( ˆROC)(t)

Ìenerçsim datus no N(0, 1) un N(1, 1). Òemsim n = 500 un n = 300. Rezultâtus

attçlosim 4.3.
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4.3. Butstrapotie ticamîbas intervâli

Kâ pçdçjie ir konstruçti butstrapa ticamîbas intervâli, kuri ir aprakstîti sekojoðâs

publikâcijâs [14] [15]. Ðajâ darbâ Butstrapa metode tiek modificçta, t.i. ˆROC(FPF )

aizvietota ar ROC(FPF ). Pie lieliem nmetodei ir jâstrâdâ pietiekoði labi, jo ˆROC(FPF )

ir tuva ROC(FPF ). Lai konstruçtu ticamîbas intervâlus, tiek òemtas butstrapa izlases

no datiem, katru reizi konstruçjot empîrisko ˆROCb lîkni un aprçíinot

ˆROCb(FPF )−ROC(FPF ),∀FPF.

Procedûru atkârto 10000 reizes. Tâlâk paòem 0.95 un 0.99 kvantîles no butstrapotâm

ˆROC(FPF )−ROC(FPF ) vçrtîbâm katrâ FPF punktâ. Rezultâti ir attçloti zîmçjumos

4.4.. Lai konstruçtu vienlaicîgus ticamîbas intervâlus, katru (no 10000) aprçíina

supFPF ( ˆROCb(FPF )−ROC(FPF )),

izskaitïo 0.95 un 0.99 kvantîles no iegûtâm vçrtîbâm. Rezultâti ir attçloti 4.4..
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4.4. att. Punktveida Butstrapa ticamîbas intervâli (n = 100, n = 50)
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4.5. att. Vienlaicîgie Butstrapa ticamîbas intervâli (n = 100, n = 50)
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Secinâjumi

Ðajâ kursa darbâ tika apskatîts viens no svarîgâkajiem klasificçðanas testu objektiem

- ROC lîknes. Balstoties uz matemâtisko definîciju bija izpçtîtas tâs îpaðîbas. Bija

aprakstîtas sakarîbas starp ROC lîknes raksturojoðiem lielumiem un citiem statistiskiem

objektiem. No simulçto datu piemçru pçtîðanas tika izvirzîta hipotçze par to, ka apskatîtas

novçrtçðanas un ticamîbas intervâlu konstruçðanas metodes strâdâ pietiekoði labi priekð

normâli sadalîtiem datiem un var nedot vajadzîgus rezultâtus priekð datiem no citiem

sadalîjumiem, piemçram, eksponenciâla. Tâtad, ir plaðâk jâpçta jau eksistçjoðâs metodes

un jâizstrâdâ citi paòçmieni, kuri var palîdzçt strâdât ar jebkura sadalîjuma ROC lîknçm.
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A Izveidoto programmu kods

#######################################################

#####Definejam parametrus binormalajam sadalijumam#####

#######################################################

n1<-50;

n2<-50;

mi1<-0;

mi2<-1;

sd1<-1;

sd2<-1;

##############################

#####Teoretiska ROC likne#####

##############################

t=seq(0,1,by=0.0001);

ROC<-function(t)

{ROC<-1-pnorm(qnorm((1-t),mi1,sd1),mi2,sd2)

}

plot(t,ROC(t),xlim=c(0,1),ylim=c(0,1),type='l',col="red")

abline(0,1,col="green")

##########################

#####Teoretiskais AUC#####

##########################
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integrate(ROC,0,1)

##############################################

#####Generejam divus normalus sadalijumus#####

##############################################

set.seed(2);

x<-rnorm(n1,mi1,sd1)

set.seed(4);

y<-rnorm(n2,mi2,sd2)

#############################

#####Empiriska ROC likne#####

#############################

minim<-min(min(x),min(y))

maxim<-max(max(x),max(y))

TPR=c();

FPR=c();

c<-sort(c(x,y));

for (i in 1:length(c))

{

TPR[i]<-length(y[y>c[i]])/length(y)

FPR[i]<-length(x[x>c[i]])/length(x)

}

points(sort(FPR),c(sort(TPR)),xlim=c(0,1),ylim=c(0,1),type="l")

#################################################################

#####Ticamibas intervali (Kolmogorova-Smirnova) (1-alpha)^2 #####

#################################################################

uTPR<-sort(TPR)

uFPR<-sort(FPR)

d1<-1.36/sqrt(length(uTPR))#pie alfa=0.05

d2<-1.63/sqrt(length(uTPR))#pie alfa=0.01

e1<-1.36/sqrt(length(uFPR))#pie alfa=0.05

e2<-1.63/sqrt(length(uFPR))#pie alfa=0.05
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for (i in 1:length(uFPR))

{

polygon(c(uFPR[i]-d1,uFPR[i]-d1,uFPR[i]+d1,uFPR[i]+d1),c(uTPR[i]-e1,

uTPR[i]+e1,uTPR[i]+e1,uTPR[i]-e1),xlim=c(0,1),

ylim=c(0,1),border = "grey")

}

KSuFPR<-FPR-d1;

KSuTPR<-TPR+e1;

KSdFPR<-FPR+d1;

KSdTPR<-TPR-e1;

plot(sort(FPR),c(sort(TPR)),xlim=c(0,1),ylim=c(0,1),type="l")

lines(KSuFPR,KSuTPR,xlim=c(0,1),ylim=c(0,1),type="l",col="green",add=T)

lines(KSdFPR,KSdTPR,xlim=c(0,1),ylim=c(0,1),type="l",col="green")

KSuFPR<-FPR-d2;

KSuTPR<-TPR+e2;

KSdFPR<-FPR+d2;

KSdTPR<-TPR-e2;

points(KSuFPR,KSuTPR,xlim=c(0,1),ylim=c(0,1),type="l",col="red")

points(KSdFPR,KSdTPR,xlim=c(0,1),ylim=c(0,1),type="l",col="red")

lines(t,ROC(t),xlim=c(0,1),ylim=c(0,1),type='l',col="blue")

#########################

#####Empiriskais AUC#####

#########################

sTPR<-c(sort(TPR),1)

sFPR<-c(sort(FPR),1)

auc<-0;

for (i in 2:length(sTPR))

{
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auc<-auc+(sFPR[i]-sFPR[i-1])*sTPR[i]

}

auc

#############################

#####Mann-Whitney U test#####

#############################

r<-rank(c(x,y))

u1<-sum(r[seq(along=x)])-length(x)*(length(x)+1)/2

u2<-length(x)*length(y)-u1

MWU<-u2/(length(x)*length(y))

MWU

wilcox.test(y,x)$statistic/(n1*n2)

#################################################

#####Parametriska ar novertetiem parametriem#####

#################################################

#####Maximum likelihood

mi1ML<-mean(x);

mi2ML<-mean(y);

sd1ML<-sd(x);

sd2ML<-sd(y);

t=seq(0,1,by=0.0001);

ROCML=1-pnorm(qnorm((1-t),mi1ML,sd1ML),mi2ML,sd2ML)

points(t,ROCML,xlim=c(0,1),ylim=c(0,1),type='l',col="blue",add=T,tpe="l")

##########################

#####Kernel smoothing#####

##########################

h1<-0.39

h2<-0.5

c<-seq(min(min(x),min(y)),max(max(x),max(y)),by=0.01);
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k<-function(u){1/sqrt(2*pi)*exp((-u)^2/2)}

kod<-function(d)

{

y<-15/16*(1-d^2)^2

y[d<(-1)]<-0

y[d>1]<-0

y

}

dati1<-sort(x)

dati2<-sort(y)

fkodA<-function(x){1/(n1*h1)*sum(kod((x-dati1)/h1))}

fkodB<-function(x){1/(n2*h2)*sum(kod((x-dati2)/h2))}

#max(dati1)

hist(dati1,prob=T)

points(c,sapply(c,fkodA),type="l")

hist(dati2,prob=T)

points(c,sapply(c,fkodB),type="l")

funA1<-Vectorize(fkodA)

funA2<-function(x) integrate(funA1, -Inf, x)$value

funA3<-Vectorize(funA2)

funB1<-Vectorize(fkodB)

funB2<-function(x) integrate(funB1, -Inf, x)$value

funB3<-Vectorize(funB2)

plot(dati1,dnorm(dati1,mi1,sd1),type="l",col=3,xlim=c(-3,9))
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points(dati2,dnorm(dati2,mi2,sd2),type="l",col=2)

xx<-seq(min(min(dati1),min(dati2)),max(max(dati2),max(dati1)),by=0.1)

plot(dati1,pnorm(dati1,mi1,sd1),type="l",col=2,xlim=c(min(xx),max(xx)) )

points(xx,funA3(xx),type="l",col=3)

points(dati2,pnorm(dati2,mi2,sd2),type="l",col=4)

points(xx,funB3(xx),type="l",col=5)

plot(t,ROC(t),type="l",co=4)

points(1-funA3(xx),1-funB3(xx),type="l",col=5)

####################################

########Butstrapa punktveida########

####################################

n1<-100;

n2<-100;

mi1<-0;

mi2<-1;

sd1<-1;

sd2<-1;

set.seed(2);

dati1<-rnorm(n1,mi1,sd1)

set.seed(4);

dati2<-rnorm(n2,mi2,sd2)

maxi<-Vectorize(max)

ROC<-function(t)

{ROC<-1-pnorm(qnorm((1-t),mi1,sd1),mi2,sd2)

}

m<-10000

S1<-c();

S2<-c();

for (j in 1:m)

{
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x<-sample(dati1,n1,replace=TRUE)

y<-sample(dati2,n2,replace=TRUE)

minim<-min(min(x),min(y))

maxim<-max(max(x),max(y))

TPR=c();

FPR=c();

c<-sort(c(x,y));

for (i in 1:length(c))

{

TPR[i]<-length(y[y>c[i]])/length(y)

FPR[i]<-length(x[x>c[i]])/length(x)

}

roc_hat<-stepfun(sort(FPR),sort(c(TPR,1)),right=TRUE)

#plot(stepfun(sort(FPR),sort(c(TPR,1)),right=TRUE),add=T, type="l")

ROCV<-Vectorize(ROC);

ROC_TRUE<-ROCV(sort(FPR));

Starpiba1<-abs(ROCV(sort(FPR))-roc_hat(sort(FPR)))

Starpiba2<-abs(roc_hat(sort(FPR))-ROCV(sort(FPR)))

S1<-c(S1,Starpiba1);

S2<-c(S2,Starpiba2);

}

M<-c()

for (i in 1:m)

{

M[i]<-max(S1[i],S2[i])

}

M<-matrix(S,nrow=100)

TB<-c();
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for (i in 1:(n1+n2))

{

TB[i]<-quantile(sort(M[i,]),probs=0.95)

}

####################################

########Butstrapa punktveida########

####################################

for (j in 1:m)

{

x<-sample(dati1,n1,replace=TRUE)

y<-sample(dati2,n2,replace=TRUE)

minim<-min(min(x),min(y))

maxim<-max(max(x),max(y))

TPR=c();

FPR=c();

c<-sort(c(x,y));

for (i in 1:length(c))

{

TPR[i]<-length(y[y>c[i]])/length(y)

FPR[i]<-length(x[x>c[i]])/length(x)

}

roc_hat<-stepfun(sort(FPR),sort(c(TPR,1)),right=TRUE)

#plot(stepfun(sort(FPR),sort(c(TPR,1)),right=TRUE),add=T, type="l")

ROCV<-Vectorize(ROC);

ROC_TRUE<-ROCV(sort(FPR));

Starpiba<-max(abs(ROCV(sort(FPR))-roc_hat(sort(FPR))),

abs(roc_hat(sort(FPR))-ROCV(sort(FPR))))

S<-c(S,Starpiba);

}
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TB<-quantile(sort(S),probs=0.99)

###############################

########Uz NS balstitie########

###############################

for (j in 1:m)

{

x<-sample(dati1,n1,replace=TRUE)

y<-sample(dati2,n2,replace=TRUE)

minim<-min(min(x),min(y))

maxim<-max(max(x),max(y))

TPR=c();

FPR=c();

c<-sort(c(x,y));

for (i in 1:length(c))

{

TPR[i]<-length(y[y>c[i]])/length(y)

FPR[i]<-length(x[x>c[i]])/length(x)

}

roc_hat<-stepfun(sort(FPR),sort(c(TPR,1)),right=TRUE)

#plot(stepfun(sort(FPR),sort(c(TPR,1)),right=TRUE),add=T, type="l")

ROCV<-Vectorize(ROC);

ROC_TRUE<-ROCV(sort(FPR));

Starpiba<-max(abs(ROCV(sort(FPR))-roc_hat(sort(FPR))),

abs(roc_hat(sort(FPR))-ROCV(sort(FPR))))

S<-c(S,Starpiba);

}

TB<-quantile(sort(S),probs=0.99)

h1<-0.84

h2<-0.11
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kod<-function(d)

{

y<-15/16*(1-d^2)^2

y[d<(-1)]<-0

y[d>1]<-0

y

}

dati1<-sort(x)

dati2<-sort(y)

fkodA<-function(x){1/(n1*h1)*sum(kod((x-dati1)/h1))}

fkodB<-function(x){1/(n2*h2)*sum(kod((x-dati2)/h2))}

funA1<-Vectorize(fkodA)

funB1<-Vectorize(fkodB)

cc<-(1-quantile(x,probs=FPR));

ROC<-function(t)

{ROC<-1-pnorm(qnorm((1-t),mi1,sd1),mi2,sd2)

}

ROCV<-Vectorize(ROC);

varROC<-c();

varROC<-(ROC(FPR)*(1-ROC(FPR))/n2+((funB1(cc)/funA1(cc))^2)*(FPR*(1-FPR)/n1))

TI<-c();

TI<-qnorm(1-0.01/2)*sqrt(varROC)

37



Kursa darbs \Nepârtraukto testu ROC lîknes" izstrâdâts LU Fizikas un Matemâtikas

fakultâtç.

Ar savu parakstu apliecinu, ka pçtîjums veikts patstâvîgi, izmantoti tikai tajâ norâdîtie

informâcijas avoti un iesniegtâ darba elektroniskâ kopija atbilst izdrukai.

Autors: Anastasija Tetereva

(paraksts) (datums)

Rekomendçju darbu aizstâvçðanai.

Vadîtâjs: doc. Dr.math. Jânis Valeinis

(paraksts) (datums)

Recenzents:

(paraksts) (datums)

Darbs iesniegts Matemâtikas nodaïâ

(datums)

(darbu pieòçma)

Darbs aizstâvçts kursa gala pârbaudîjuma komisijas sçdç

prot. Nr. , vçrtçjums
(datums)

Komisijas sekretârs/-e:
(Vârds, Uzvârds) (paraksts)


	Anotâcija
	Ievads
	ROC lîknes
	ROC lîkni raksturojoðie lielumi
	Laukums zem ROC lîknes (AUC)
	ROC lîkne pie fiksçta FPR un ROC lîknes parciâls laukums
	ROC lîknes maksimâlais attâlums lîdz ROC(t)=t
	Simetrijas punkts

	Novçrtçðanas metodes
	Empîriskâ ROC lîkne
	Parametriskâ ROC lîkne
	Neparametriskâ ROC lîkne

	Ticamîbas intervâli
	Vienlaicîgi, apvienotie ticamîbas intervâli
	Uz normâlo sadalîjumu balstîtie ticamîbas intervâli
	Butstrapotie ticamîbas intervâli

	Secinâjumi
	Izmantota literatura un avoti
	Izveidoto programmu kods

