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Anotâcija

Darbs tiek veltîts nedzîvîbas apdroðinâðanas IBNR atlîdzîbu rezervju prognozes un prog-

nozes standartkïûdas novçrtçðanai, kâ arî pilnâ prognozes sadalîjuma noteikðanai, izman-

tojot vispârinâto lineâro modeli un butstrapa datu pârkârtoðanas metodi. Darbâ aplûkota

klasiskâs chain-ladder metodes saistîba ar vispârinâto lineâro modeli, kas dod iespçju ie-

gût analîtisko rezervju prognozes standartkïûdas novçrtçjumu. Virs-izkliedçta Puasona

un Gamma modeïu analîtiski aprçíinâtâ rezervju prognozes standartkïûda tiek salîdzinâta

ar butstrapa standartkïûdu un arî tiek iegûts pilns prognozes sadalîjums. Ðîs metodes tiek

pielietotas konkrçtiem datiem par apdroðinâðanas atlîdzîbu attîstîbu kâdâ laika posmâ un

tiek salîdzinâti iegûtie rezultâti.

Atslçgas vârdi: nedzîvîbas apdroðinâðana, IBNR atlîdzîbu rezerves, Chain-ladder, but-

straps, vispârinâtais lineârais modelis



Abstract

This thesis is devoted to the IBNR claims reserves projection and projection error estima-

tion and also estimation of a full predictive ditribution, using generalised linear model and

bootstrap resampling procedure. Standard chain-ladder model is considered within the

generalised linear model framework, which provides analytic standard errors of prediction

of reserve estimates. Over-dispersed Poisson model and Gamma model analytic prediction

errors are compared with bootstrap standard errors and also full predictive distribution

is obtained. These methods are implemented using data about claims development over

some period of time.

Keywords: general insurance, IBNR claims reserves, Chain-ladder, bootstrap, generalised

linear model
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Ievads

IBNR ir saîsinâjums no angïu valodas "incurred but not reported". Ðis termins attiecas

uz apdroðinâðanas gadîjumiem, kuri jau ir iestâjuðies, bet vçl nav zinâmi apdroðinâtâjam

un par kuriem apdroðinâtâjam pastâv saistîbas uz rezervju izveidoðanas datumu. IBNR

rezerves spçlç svarîgu lomu apdroðinâðanas kompânijas finanðu uzskaitç, îpaði tad, ja

bûtisku parakstîto prçmiju daïu sastâda nelaimes gadîjumu apdroðinâðana. Neprecîzu

IBNR rezervju noteikðana noved pie neoptimâliem apdroðinâðanas kompânijas vadîbas lç-

mumiem. Atbilstoðo IBNR rezervju nodroðinâðana ir ne tikai piesardzîga finanðu uzskaites

politika, bet tas arî tiek prasîts ar likumu.

Paðlaik visizplatîtâkâ metode nedzîvîbas apdroðinâðanas IBNR rezervju aprçíinâðanas

praksç ir \chain-ladder" metode, kura ir samçrâ vienkârði pielietojama, pat bez îpaðas

programmatûras (to var vienkârði realizçt ar programmu Excel). Bet ðis metodes trûkums

ir, ka tâ dod tikai punktveida rezervju novçrtçjumu. Taèu bieþi arvien lielâko interesi

izraisa rezervju novçrtçjuma augðçjâ vai apakðçjâ robeþa ar noteiktu ticamîbas lîmeni,

kas nozîmç nepiecieðamîbu novçrtçt atlîdzîbu rezervju iespçjamu variâciju, vai, ideâlajâ

gadîjumâ, iespçjamo iznâkumu pilnu sadalîjumu, no kura pçc tam var iegût kvantiles un

citus sadalîjuma parametrus. Uz ðo brîdi jau tiek piedâvâti vairâki modeïi, kuri saista

chain-ladder metodi ar kâdu stohastisko modeli pie zinâmiem pieòçmumiem. Taèu ðâdu

metodoloìiju praktizçjoðu lietotâju skaits pagaidâm ir ierobeþots, îpaði Latvijâ. Tam

var bût daþâdi iemesli, piemçram, piemçrotas programmatûras trûkums, kâ arî nepilnîga

metodoloìijas izpratne.

Darbâ tiek apskatîta chain-ladder metode vispârinâtâ lineârâ modeïa ietvaros, kurð ir

plaði lietots statistiskajâ modelçðanâ. Ðâdai pieejai ir tâ priekðrocîba, ka ar to saistîta

teorija var tikt izmantota, lai iegûtu parametru novçrtçjumus, kâ arî piemçroto modeïa

atbilstîbas mçru, izmantojot atlikumus. Vispârinâtâ lineârâ modeïa teorija palîdz izvest

analîtiskâs izteiksmes rezervju novçrtçjumu prognozes standartkïûdai. Atlikumi var bût

izmantoti butstrapa procedûrâ, lai iegûtu butstrapa standartkïûdas.

Otrâ svarîga metode, kura tika apskatîta darbâ ir butstrapa pielietojums atlîdzîbu

rezervju prognozes novçrtçðanai. Analîtiskâs prognozes kïûdu izteiksmes ietver sareþìîtâs

formulas, kuras grûti novçrtçt. No otras puses, butstrapa prognozes kïûdas ir ievçrojami

viegli iegût, kâ arî butstrapa metode dod iespçju iegût pilnu prognozes sadalîjumu.

Darba mçríis ir apskatît daþus vispârinâtâ lineârâ modeïa veidus un butstrapa metodi,
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pielietot apskatîtas metodes praktiski uz datiem un salîdzinât rezultâtus, kâ arî mçìinât

noteikt, kurð no modeïiem ir labâk piemçrots konkrçtiem datiem. Darbâ tiek apskatîti

sekojoði vispârinâtâ lineârâ modeïa veidi: virs-izkliedçts Puasona modelis, chain-ladder

Normâlâs aproksimâcijas, Gamma, log-Normâlais un Maka modelis. Visas metodes tika

realizçtâs programmâ R, kurâ tika sastâdîtas programmas katras metodes analîzei.

Ðis darbs sastâv no trim pamatdaïâm. Pirmajâ daïa tiek aplûkoti vispârinâtâ lineârâ

modeïa pamati, atlîdzîbu rezervçðanas problçmas nostâdne, galvenie jçdzieni un vispâri-

nâtâ lineârâ modeïa pielietoðana atlîdzîbu rezervçðanâ. Otrajâ daïâ tiek aplûkotas but-

strapa datu pârkârtoðanas metodes izmantoðanas iespçjas atlîdzîbu rezervçðanâ. Treðâ

nodaïa tiek veltîta ðo metoþu pielietoðanas empîriskajiem rezultâtiem: rezervju novçrtç-

ðanai, prognozes kïûdas un sadalîjuma noteikðanai konkrçtiem datiem par apdroðinâðanas

atlîdzîbu attîstîbu 15 periodos, no kuriem tiek izdarîti secinâjumi. Darbâ pielikumâ tiek

iekïauts izveidotu programmu R kods.
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1. Vispârinâtais lineârais modelis

1.1. Vispârinâtâ lineârâ modeïa pamati

1.1.1. Vispârinâtâ lineârâ modeïa struktûra

Vispârinâtais lineârais modelis (GLM - Generalised linear model) ir klasiskâ lineârâ

modeïa vispârinâjums. Pieòemsim, ka n komponenðu novçrojumu vektors y ir gadîjuma

lieluma Y , kura komponentes ir neatkarîgi sadalîtas ar vidçjâm vçrtîbâm µ, realizâcija.

Modeïa sistemâtiskâ daïa ir vektora µ specifikâcija ar mazu skaitu nezinâmu parametru

β1, ..., βp palîdzîbu. Klasiskâ lineârâ modeïa gadîjumâ ðî specifikâcija ir formâ

µ =

p∑
j=1

xjβj,

kur β = (β1, ..., βp) parasti ir nezinâmi parametri, kuru vçrtîbas tiek novçrtçtas no datiem.

Ja i ir novçrojumu indekss, tad modeïa sistemâtisko komponenti var pierakstît

E(Yi) = µi =

p∑
j=1

xijβj, i = 1, ...n,

kur xij ir j-tâ prediktora vçrtîba i-tam novçrojumam. Matricu formâ (kur µ ir n× 1, X

ir n× p un β ir p× 1 matricas) to var pierakstît

µ = Xβ,

kur X ir dizaina matrica un β ir parametru vektors. Tâdçjâdi modeïa sistemâtiskâ kom-

ponente ir pilnîgi uzdota.

Vispârinâtajâ lineârajâ modelî parasti tiek pieòemts, ka kïûdas ir neatkarîgas un ar

konstantu dispersiju. Turpmâka modeïa specifikâcija ietver prasîbu, lai kïûdas bûtu Nor-
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mâli sadalîtas ar konstantu dispersiju σ2.

Tâtad varâm apkopot klasisko lineâro modeli ðâdi:

Y komponentes ir neatkarîgi Normâli sadalîti mainîgie ar konstantu dispersiju σ2 un

E(Y ) = µ, kur µ = Xβ. (1.1.1)

Lai pârietu pie vispârinâtâ lineârâ modeïa, ir nepiecieðams pârveidot (1.1.1), lai iegûtu

sekojoðo specifikâciju no trim daïâm:

1. Gadîjuma komponente: Y komponentes ir neatkarîgi Normâli sadalîtas ar E(Y ) = µ

un konstantu dispersiju σ2;

2. Sistemâtiskâ komponente: mainîgie x1, x2, ..., xp veido lineâru prediktoru η

η =

p∑
j=1

xjβj;

3. Saite starp gadîjuma un sistemâtisko komponenti:

µ = η.

Ðis vispârinâjums ievieð jauno simbolu η priekð lineâra prediktora un treðâ specifikâ-

cijas daïa nozîmç, ka µ un η faktiski ir vienâdi. Pieòemsim, ka ηi = g(µi), tad g(·) tiek

saukta par saites funkciju. Pie ðâda formulçjuma klasiskais lineârais modelis ir modelis

ar Normâli sadalîtu gadîjuma komponenti un identitâtes saites funkciju. Vispârinâtais

lineârais modelis vispârina klasisko lineâro modeli divos virzienos. Pirmkârt, gadîjuma

komponentes sadalîjums var bût jebkurð no eksponenciâlâs funkciju saimes, ne tikai Nor-

mâlais, un, otrkârt, par saites funkciju var kalpot jebkura monotoni diferencçjama funkci-

ja.

Sâkumâ apskatîsim paplaðinâto pieòçmumu par sadalîjumu. Tiek pieòemts, ka katrai

Y komponentei ir sadalîjums no eksponenciâlâs saimes formâ

fY (y; θ, φ) = exp{(yθ − b(θ)) /a(φ) + c(y, φ)}, (1.1.2)

kur a(·), b(·) un c(·) ir kâdas specifiskâs funkcijas. θ ir kanonisks parametrs, kas raksturo

izvietojumu, bet φ ir mçroga parametrs.
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Tâ Normâlajam sadalîjumam

fY (y; θ, φ) =
1√

2πσ2
exp{−(y − µ)2/(2σ2)}

= exp{(yµ− µ2/2)/σ2 − 1/2
(
y2/σ2 + ln(2πσ2)

)
},

tâtad θ = µ, φ = σ2 un a(φ) = φ, b(θ) = θ2/2, c(y, φ) = −1/2{y2/σ2 + ln(2πσ2)}.

Vispârinâtâ lineârâ modeïa parametru novçrtçjumus parasti iegûst maksimizçjot vis-

lielâkâs ticamîbas funkciju (vai vislielâkâs ticamîbas funkcijas logaritmu (log likelihood))

novçrotiem datiem. Vislielâkâs ticamîbas funkcija ir funkcija no parametra θ datiem

y1, ..., yn

L(y1, ..., yn; θ) =
n∏
i=1

fY (yi; θ),

vai vislielâkâs ticamîbas funkcijas logaritms ir

l(y1, ..., yn; θ) = lnL(y1, ..., yn; θ) = ln fY (y1, ..., yn; θ) =
n∑
i=1

ln fY (yi; θ).

Vislielâkâs ticamîbas parametra θ novçrtçjums tiek definçts

θ̂ML = argmaxθ{L(y1, ..., yn; θ)}.

Log-ticamîbas funkcija, kâ funkcija no parametriem θ un φ pie dotajiem y ir l(θ, φ; y) =

ln fY (y; θ, φ). Vislielâkâs ticamîbas funkcijas atvasinâjumi apmierina sekojoðas vienâdîbas

[1]

E

(
∂l

∂θ

)
= 0 (1.1.3)

un

D

(
∂l

∂θ

)
= −E

(
∂2l

∂θ2

)
, (1.1.4)

kuras tiek iegûtas diferencçjot
∫
fY (y; θ) = 1 pçc θ. Izmantojot ðîs vienâdîbas, var tikt

novçrtçta Y vidçjâ vçrtîba un dispersija. No (1.1.2) iegûstam, ka

l(θ; y) = (yθ − b(θ)) /a(φ) + c(y, φ),

no kurienes
∂l

∂θ
= (y − b′(θ)) /a(φ) (1.1.5)
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un
∂2l

∂θ2
= −b′′(θ)/a(φ). (1.1.6)

No (1.1.3) un (1.1.5) izriet, ka

0 = E

(
∂l

∂θ

)
= (µ− b′(θ)) /a(φ),

tâtad

E(Y ) = µ = b′(θ). (1.1.7)

Bet no (1.1.4), (1.1.5) un (1.1.6) seko, ka

D

(
y − b′(θ)
a(φ)

)
= −E

(
−b
′′(θ)

a(φ)

)

no kâ iegûstam

D

(
y − µ
a(φ)

)
=
b′′(θ)

a(φ)

un

D(Y ) = b′′(θ)a(φ). (1.1.8)

Tâdâ veidâ Y dispersija ir divu funkciju reizinâjums; viena no tâm, b′′(θ), ir atkarîga tikai

no kanoniskâ parametra (un tâdçjâdi no vidçjâ) un tiek saukta par variâcijas funkciju.

Variâcijas funkcija kâ funkcija no µ tiek apzîmçta V (µ) = b′′(θ).

Funkcija a(φ) parasti ir formâ

a(φ) = φ/w,

kur φ, ko apzîmç arî ar σ2 un sauc par dispersijas parametru, ir konstants visiem novç-

rojumiem, un w ir apriori zinâmi svari, kuri mainâs no novçrojuma uz novçrojumu. Tâ

Normâlajâ modelî, kurâ katrs novçrojums irm neatkarîgu râdîjumu vidçjais, a(φ) = σ2/m

un w = m.

Saites funkcija saista lineâru prediktoru η ar sagaidâmo µ vçrtîbu datiem y. Klasiskajâ

lineârajâ modelî vidçjais un lineârs prediktors ir identiski un identitâtes saites funkcija

ir pieòemama, jo abi η un µ pieòem vçrtîbas reâlajâ asî. Taèu, darbojoties ar skaitu un

Puasona sadalîjumu, jâbût µ > 0 un tâdçï identitâtes saites funkcija ir mazâk pievilcîga,

daïçji tâpçc, ka η var bût negatîva kamçr µ nevar bût. Modeïi priekð skaita, balstîti uz

neatkarîbu klasificçtajos datos, parasti noved pie multiplikatîviem efektiem un tas tiek
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izteikts ar logaritmisko saites funkciju, η = lnµ, ar inverso µ = eη. Tagad aditîvi efekti,

kuri ietekmç η pârvçrðas par multiplikatîviem efektiem, kuri ietekmç µ un µ pieòem

pozitîvas vçrtîbas [1].

1.1.2. Modeïa parametru novçrtçjums ar vislielâkâs ticamîbas

funkciju

Parametru β un φ vislielâkâs ticamîbas novçrtçjumu (MLE ) iegûst maksimizçjot log-

ticamîbas funkciju [2]

l(β, φ; y) =
n∑
i=1

ln f(yi; β, φ) =
n∑
i=1

(yiθi − b(θi)) /a(φ)−
n∑
i=1

c(yi, φ),

pie pieòçmuma, ka yi ir neatkarîgie rezultçjoðie mainîgie no eksponenciâlâs saimes.

Apskatîsim parametra β MLE novçrtçjumu. Lai atrastu maksimumu, l(β, φ; y) atva-

sinâsim pçc β

∂l

∂β
=

1

a(φ)

n∑
i=1

[
yi
∂θi
∂β
− ∂b(θi)

∂θi

∂θi
∂β

]
=

1

a(φ)

n∑
i=1

(yi − µi)
∂θi
∂β

=
1

a(φ)

n∑
i=1

(yi − µi)
∂θi
∂µi

∂µi
∂β

.

Tâ ka
∂θi
∂µi

=

(
∂µi
∂θi

)−1

=

(
∂2b(θi)

∂θ2
i

)−1

=
1

V (µi)
(1.1.9)

un
∂µi
∂β

=
∂µi
∂g(µi)

∂g(µi)

∂β
=

(
∂g(µi)

∂µi

)−1
∂xTi β

∂β
=

(
∂g(µi)

∂µi

)−1

xTi . (1.1.10)

No ðîm vienâdîbâm ((1.1.9) un (1.1.10)) seko, ka

∂l

∂β
=

1

a(φ)

n∑
i=1

yi − µi
V (µi)g(µi)

xTi =
1

a(φ)

n∑
i=1

(yi − µi)wig(µi)x
T
i , (1.1.11)

kur ar wi tiek apzîmçts [V (µi)g
2(µi)]

−1. Pierakstîsim (1.1.11) matricu formâ

∂l

∂β
=

1

a(φ)
XTWG(y − µ), (1.1.12)

kur W ir diagonâla matrica ar elementiem wi un G ir diagonâla matrica ar elementiem
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g(µi). Tâdçjâdi iegûstam, tâ sauktos, vislielâkâs ticamîbas vienâdojumus parametra β

novçrtçðanai

XTWGy = XTWGµ, (1.1.13)

kur W , G un µ iekïauj sevî nezinâmo parametru β. Parasti tâs ir nelineâras funkcijas no

β un tâpçc (1.1.13) nevar atrisinât analîtiski.

Parametra β lielâkâs ticamîbas vienâdojumu atrisinâjums parasti tiek iegûts ar ite-

ratîvo svçrto mazâko kvadrâtu metodi. Tâ izriet no Fiðera iteratîvâs metodes (Fisher

scoring) ticamîbas funkcijas maksimizçðanai formâ

Θ(m+1) = Θ(m) + I(Θ(m))−1 ∂l

∂Θ

∣∣∣∣
Θ=Θ(m)

, (1.1.14)

kur (m) apzîmç m-to iterâcijas soli, I(Θ) ir informâcijas matrica un Θ ir parametru

vektors.

Lai izvestu ðo vienâdojumu parametram β, jâatrod parametra β informâcijas matrica

I(β) = −E
[

∂2l

∂β∂βT

]
. Lai iegûtu ðo matricu, aprçíinâsim log-ticamîbas funkcijas otro

atvasinâjumu pçc β

∂2l

∂β∂βT
= − 1

a(φ)
XTWG

∂µ

∂βT
+

1

a(φ)
XT ∂WG

∂βT
(y − µ)

un tad

−E
[

∂2l

∂β∂βT

]
=

1

a(φ)
XTWG

∂µ

∂βT
+ 0 =

1

a(φ)
XTWGG−1X =

1

a(φ)
XTWX,

kur W = diag{wi} = diag{[V (µi)g
2(µi)]

−1}. Tâdçjâdi (1.1.14) vienâdojumu priekð para-

metra β iegûstam formâ

β(m+1) = β(m) + (XTWX)−1XTWG(y − µ), (1.1.15)

kur W , G un µ ir novçrtçti pie β(m).

1.1.3. Vislielâkâs kvazi-ticamîbas funkcija

Iepriekðçjâ apakðnodaïâ apskatîtâ vislielâkâs ticamîbas funkcija var bût konstruçta,

kad datu sadalîjums ir zinâms. Bet daþreiz mçs precîzi nezinâm apriori pareizo sadalîjuma
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formu. Un ðî nezinâðana padara ticamîbas funkcijas konstruçðanu neiespçjamu un tâdçjâdi

nav iespçjams izmantot lielâkâs ticamîbas metodi parametru novçrtçðanai. Tâdçï bûtu

nepiecieðama metode, kura strâdâtu tik pat vai gandrîz tik pat labi kâ lielâkâs ticamîbas

funkcija, tikai bez specifiskiem pieòçmumiem par sadalîjumu. Vislielâkâs kvazi-ticamîbas

funkcijas pamatideja ir iegût ticamîbas funkcijai lîdzîgu objektu, kura konstruçðana prasa

mazâk pieòçmumu.

Definçsim ticamîbas funkcijas analogu izmantojot (1.1.3) un (1.1.4), izòemot to, ka

diferencçðana notiek pçc µ, nevis θ. Pirmkârt, no (1.1.3) gribam iegût

E

[
∂ ln fY (yi)

∂µi

]
= 0. (1.1.16)

Apzîmçjot ar v∗ dispersiju D

(
∂ ln fY (yi)

∂µi

)
veiksim sekojoðus pârveidojumus

v∗ = D

(
∂ ln fY (yi)

∂µi

)
= D

(
∂ ln fY (yi)

∂θi

∂θi
∂µi

)
=

[
D

(
∂ ln fY (yi)

∂(θi)

)](
∂θi
∂µi

)2

=

[
−E

(
∂2 ln fY (yi)

∂(θ2
i )

)](
∂θi
∂µi

)2

=
1

a(φ)

[
∂2b(θi)

∂θ2
i

](
∂θi
∂µi

)2

=
V (µi)

a(φ)

(
∂θi
∂µi

)2

=
V (µi)

a(φ)

1

V 2(µi)
,

(1.1.17)

kur tiek izmantota sakarîba (1.1.4), fY (yi) veids (1.1.2), V (µ) definîcija pçc (1.1.8) un

sakarîba (1.1.9). Tâdâ veidâ esam ieguvuði

D

(
∂ ln fY (yi)

∂µi

)
= −E

(
∂2 ln fY (yi)

∂(θ2
i )

)
=

1

a(φ)V (µi)
. (1.1.18)

Ievçrosim, ka sakarîbas (1.1.16) un (1.1.18) ir analogas ar (1.1.3) un (1.1.4). Tâtad

∂ ln fY (yi)/∂µi vietâ ir jâatrod tâdu objektu, kuram izpildâs îpaðîbas (1.1.16) un (1.1.18).

Acîmredzami, ka

qi =
yi − µi

a(φ)V (µi)
(1.1.19)

apmierina ðos nosacîjumus, proti

E(qi) = E

(
yi − µi

a(φ)V (µi)

)
=
E(yi)− µi
a(φ)V (µi)

= 0,

D(qi) = D

(
yi − µi

a(φ)V (µi)

)
=

D(yi)

a2(φ)V 2(µi)
=

V (µi)a(φ)

a2(φ)V 2(µi)
=

1

a(φ)V (µi)
.
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a(φ), kura parâdâs (1.1.19) ir tikai proporcionalitâtes konstante starp D(yi) un V (µi),

kura nav precîzi tâ pati a(φ), kas parâdâs blîvuma funkcijâ (1.1.2). Taèu, lietosim to

paðu apzîmçjumu, jo kâ redzçsim tâlâk, tâs spçlç vienâdu lomu.

Tâ kâ yi ieguldîjums log-ticamîbas funkcijâ ir integrâlis pçc µi no ∂ ln fY (yi)/∂µi, log

kvazi-ticamîbas funkciju definçsim caur yi ieguldîjumu tajâ

Qi =

∫ µi

yi

yi − t
a(φ)V (t)

dt, (1.1.20)

kura atvasinâjums pçc µi vienâds ar qi pçc definîcijas. Beidzot, lai atrastu parametra β

vislielâkâs kvazi-ticamîbas novçrtçjumu ir jâatrisina lielâkâs kvazi-ticamîbas vienâdojumi

∂

∂β

∑
Qi = 0. (1.1.21)

Novçrtçjot atvasinâjumu vienâdojumâ (1.1.21) iegûstam

∑ yi − µi
a(φ)V (µi)

∂µi
∂β

= 0,

kurð izmantojot (1.1.10) ir formâ

∑ yi − µi
a(φ)V (µi)g(µi)

xTi = 0,

vai matricu formâ
1

a(φ)
XTWG(y − µ),

ir tâds pats kâ (1.1.12). Ir jâievçro, ka definçjot vislielâkâs kvazi-ticamîbas novçrtçjumu

kâ vislielâkâs kvazi-ticamîbas vienâdojumu (1.1.21) atrisinâjumu, mçs izvairâmies no îstâs

maksimizçðanas problçmas risinâðanas vai pat no paðas vislielâkâs kvazi-ticamîbas vai log

kvazi-ticamîbas funkcijas definçðanas.

Tas ir ievçrojams rezultâts, jo Qi ir konstruçta izmantojot tikai informâciju par to, kâ

mainâs dispersija atkarîbâ no µ un neko citu. Bieþi gadâs tâ, ka ja mçs uzdodam sakarîbu

starp vidçjo un dispersiju, mçs iegûstam vislielâkâs kvazi-ticamîbas vienâdojumus, kuri

pilnîgi sakrît ar tiem, kuri atbilst îstai vislielâkâs ticamîbas funkcijai.

Vislielâkâs kvazi-ticamîbas funkcijai ir svarîga priekðrocîba salîdzinot ar parasto vis-

lielâkâs ticamîbas funkciju. Pieòemsim, ka ir regresija, kuras rezultçjoðais mainîgais ir
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sadalîts pçc Puasona likuma. Izmantojot vislielâkâs ticamîbas funkciju pieòçmums bûs

tâds, ka D(yi) = V (µi). Tomçr praksç bieþi izrâdâs tâ, ka dati ir no sadalîjuma, kur

dispersija ir lielâka nekâ vidçjais. Ja dispersija ir proporcionâla vidçjam, tad modeïa

specifikâcija izmantojot vislielâkâs kvazi-ticamîbas funkciju ir joprojâm korekta, jo pie-

òçmums ir tikai par to, ka D(yi) = a(φ)V (µi), t.i., D(yi) ir proporcionâla V (µi) un nav

obligâti vienâda.

Tâtad vislielâkâs kvazi-ticamîbas funkcijas izmantoðana ïauj mums, pirmkârt, netaisît

pieòçmumus par sadalîjumu un, otrkârt, mums ir nepiecieðams uzdod sakarîbu starp vidçjo

un dispersiju ar precizitâti tikai lîdz proporcionalitâtes konstantei, kura var bût novçrtçta

no datiem.

Vispârpieòemts proporcionalitâtes konstantes a(φ) novçrtçjums ir ar momentu metodi

iegûstamais novçrtçjums [1]

a(φ) =
1

n− p
∑
i

(yi − µi)2

V (µi)
=

X2

n− p
,

kur n ir novçrojumu skaits, p ir vektora β dimensija unX2 ir vispârinâtâ Pîrsona statistika.

1.1.4. Modeïa pielâgoðanas kvalitâtes mçrs un modeïa atlikumi

Modeïa pielâgoðanas kvalitâtes mçri var bût formulçti daþâdos veidos, apskatîsim tâ

saukto novirzes funkciju (deviance), kuru veido vislielâkâs ticamîbas funkciju attiecîbas

logaritms.

Esot n novçrojumiem tiem ir iespçjams pielâgot modeïus ar lîdz n parametriem. Nulles

modelî ir viens parametrs, kurð reprezentç visiem y kopçjo parametru µ; tâtad nulles

modelis visu starp y vçrtîbâm esoðu variâciju izskaidro ar gadîjuma komponenti. Pilnajâ

modelî ir n parametri, viens katram novçrojumam, un µ, kuri iegûti novçrtçjot ðo modeli

pilnîgi atbilst datiem.

Izteiksim log-ticamîbas funkciju kâ funkciju no parametra µ, nevis θ. Pieòemsim,

ka l(µ̂, φ; y) ir log-ticamîbas funkcija maksimizçta pçc β ar fiksçtu mçroga parametru φ.

Maksimâlâ ticamîbas funkcijas vçrtîba, kura ir sasniedzama pilnajâ modelî ar n para-

metriem ir l(y, φ; y) un parasti ir galîga. Pielâgoðanas neatbilstîbas mçrs ir proporcionâls

divkârðai starpîbai starp maksimâlo sasniedzamo log-ticamîbas funkcijas vçrtîbu un vçr-

tîbu, kura ir sasniegta pçtâmajâ modelî. Apzîmçjot ar θ̂ = θ(µ̂) un θ̃ = θ(y) abu modeïu
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kanonisku parametru novçrtçjumus un pieòemot, ka ai(φ) = φ/wi, modeïa pielâgoðanas

neatbilstîbas mçrs var bût formulçts ðâdi

∑
2wi{yi(θ̃i − θ̂i)− b(θ̃i) + b(θ̂i)}/φ = D(y; µ̂)/φ,

kur modeïa novirzes funkcija D(y; µ̂) ir funkcija tikai no datiem.

Normâlâ sadalîjuma gadîjumâ novirzes funkcija ir vienkârði atlikumu kvadrâtu summa.

Novirzes funkcija dalîta ar mçroga parametru ir svçrtâ novirzes funkcija (scaled deviance)

D(y; µ̂)/φ = D∗(y; µ̂) = 2l(y; y)− 2l(µ; y),

kur eksponenciâlâs saimes modeïu gadîjumâ l(y; y) ir vislielâkâs ticamîbas funkcijas vçr-

tîba, kura tiek sasniegta, kad pielâgotâs vçrtîbas sakrît ar novçrotiem datiem.

Cits svarîgs modeïa neatbilstîbas mçrs ir vispârinâtâ Pîrsona X2 statistika

X2 =
∑

(y − µ̂)2/V (µ̂),

kur V (µ̂) ir attiecîga sadalîjuma variâcijas funkcijas novçrtçjums. Normâlâ sadalîjuma

gadîjumâ X2, tâpat ka novirzes funkcija, ir vienâds ar atlikumu kvadrâtu summu.

Abâm, novirzes funkcijai un vispârinâtajam Pîrsona X2, ir precîzi χ2 sadalîjums Nor-

mâlo lineâro modeïu gadîjumâ (protams, ja modelis ir spçkâ) un ir pieejami asimptotiski

rezultâti priekð citiem sadalîjumiem.

Normâlajâ modelî atkarîgais mainîgais var bût izteikts formâ

y = µ̂+ (y − µ̂),

t.i., dati = pielâgoti dati + atlikums. Atlikumi var bût izmantoti, lai izpçtîtu modeïa

pielâgoðanas kvalitâti attiecîbâ uz variâcijas funkcijas, saites funkcijas un lineâra predik-

tora komponentu izvçli. Atlikumi arî var norâdît uz anomâlu vçrtîbu klâtbûtni, kas prasa

papildus izpçti. Vispârinâtajâ lineârajâ modelî tiek prasîta vispârîga atlikumu definîci-

ja, kura bûtu derîga visiem sadalîjumiem, kuri var aizvietot Normâlo. Çrtâ ir, ja ðos

atlikumus var izmantot tiem paðiem mçríiem, kâ standarta Normâlâ atlikumus.

Tâlâk definçsim divas visbieþâk lietojamas vispârinâto atlikumu formas, proti Pîrsona

un novirzes atlikumus. Turpmâkajâ teorçtiskajâ aprakstâ µ̂ vietâ izmantosim µ.
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Definîcija 1. Pîrsona atlikumi tiek definçti kâ parastie atlikumi dalîti ar Y standartno-

virzes novçrtçjumu

rP =
y − µ√
V (µ)

.

Ðâds nosaukums ir izvçlçts tâpçc, ka Puasona sadalîjuma gadîjumâ Pîrsona atlikumi

ir vienkârði Pîrsona X2 statistikas komponenðu kvadrâtsaknes ar attiecîgu zîmi, tâdi, ka∑
r2
P = X2. Taèu ðeit Pîrsona statistika tiks lietota vairâk kâ atlikumu variâcijas mçrs,

nevis kâ modeïa pielâgoðanas kvalitâtes mçrs.

Ja novirzes funkcija tiek izmantota kâ vispârinâtâ lineârâ modeïa neatbilstîbas mçrs,

tad katra vienîba tajâ iegulda lielumu di, tâdu, ka
∑
di = D.

Definîcija 2. Novirzes atlikumi tiek definçti kâ

rD = sign(y − µ)
√
di,

kur
∑
di = D un D ir novirzes funkcija.

Pie ðâdas novirzes atlikumu definîcijas iegûstam lielumu, kurð pieaug ar yi − µi un

kuram
∑
r2
D = D. Tâdâ veidâ Puasona sadalîjumam

rD = sign(y − µ){2 (y ln(y/µ)− y + µ)}1/2.

1.2. Vispârinâtâ lineârâ modeïa izmantoðana IBNR

rezervju noteikðanai

1.2.1. Atlîdzîbu rezervçðanas problçmas nostâdne un galvenie

jçdzieni

Apdroðinâðanas IBNR atlîdzîbu rezervçðanas problçmu var apkopot sekojoðâ veidâ:

novçrtçt turpmâko atlîdzîbu summu (jeb atlîdzîbu skaitu), par pagâtnes periodos notiku-

ðajiem apdroðinâðanas gadîjumiem, kuri vçl bûs pieteikti nâkotnç, ja ir pieejama informâ-

cija par pagâtni. Pie tam ir nepiecieðams noteikt piesardzîgu rezervju augðçjo robeþu ar

pietiekamo nozîmîbas lîmeni.

Datus par apdroðinâðanas kompânijas izmaksâtajâm atlîdzîbâm (vai atlîdzîbu skaitu)
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uzskatâmi var apkopot tâ sauktajâ attîstîbas trijstûrî. Turpmâk, nezaudçjot vispârîgumu,

uzskatîsim, ka Cij ir atlîdzîbu summas pieaugumi. Pieòemsim, ka mçs atrodamies n-jâ

periodâ un zinâm visu pagâtnes informâciju. Katra notikuðâ apdroðinâðanas gadîjuma

prasîba (turpmâk: notikums) tiek atlîdzinâta vai nu notikuma periodâ vai arî kâdâ no

sekojoðajiem n attîstîbas periodiem, bet izmaksâto atlîdzîbu summa izvçlçtajos periodos

raksturo apdroðinâðanas kompânijas zaudçjumu sadalîjumu pa ðiem periodiem. Attîstîbas

trijstûrî izmaksâtâs atlîdzîbas iespçjams apkopot kumulçtâ vai pieaugumu formâ.

Veidojot attîstîbas trijstûri atlîdzîbu pieaugumu formâ, tiek aplûkota gadîjumu lielu-

mu saime {Cij : i = 1, ..., n; j = 1, ..., n}, kur gadîjuma lielums Cij tiek interpretçts kâ

notikuma perioda i zaudçjumi, kas atlîdzinâti j-jâ attîstîbas periodâ pçc gadîjuma iestâ-

ðanas jeb kalendârajâ periodâ i+j−1. Cij tiek saukts par notikuma perioda i zaudçjumu

atlîdzîbu pieaugumu attîstîbas periodâ j. Atlîdzîbu pieaugumi ir novçrojami kalendâra-

jiem periodiem i + j + 1 ≤ n un nenovçrojami kalendârajiem periodiem i + j + 1 > n.

Novçrojamie atlîdzîbu pieaugumi {Cij : i = 1, ..., n; j = 1, ..., n − i + 1} veido attîstîbas

trijstûri, kas parâdîts 1.1. tabulâ.

1.1. tabula Attîstîbas trijstûris
Attîstîbas periods

Notikuma
periods 1 2 . . . j . . . n− 1 n

1 C1,1 C1,2 . . . C1,j . . . C1,n−1 C1,n

2 C2,1 C2,2 . . . C2,j . . . C2,n−1
...

...
... . . .

...
i Ci,1 Ci,2 . . . Ci,n−i+1
...

...
...

n− 1 Cn−1,1 Cn−1,2

n Cn,1

Uz attîstîbas trijstûra diagonâles atrodas pçdçjie novçrotie atlîdzîbu pieaugumi, tâdçï

ðo attîstîbas trijstûri sauksim par pagâtnes trijstûri. Pa labi no attîstîbas diagonâles

atrodas nenovçrojamie (nâkotnes) atlîdzîbu pieaugumi, tâpçc ðo datu trijstûri sauksim

par nâkotnes trijstûri.

Attîstîbas trijstûru var izveidot arî kumulçto atlîdzîbu formâ. Ðajâ gadîjumâ tiek

apskatîta gadîjuma lielumu saime {Dij : i = 1, ..., n; j = 1, ..., n}, kur gadîjuma lielums

Dij tiek definçts kâ i-tâ notikuma perioda atlîdzîbu pieaugumu summa lîdz attîstîbas
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periodam j

Dij =

j∑
k=1

Cik.

Dij tiek interpretçts kâ i-tâ notikuma perioda summârie zaudçjumi, kas atlîdzinâti ar ne

vairâk kâ j−1 periodu nobîdi jeb ne vçlâk kâ j-jâ attîstîbas periodâ. Dij sauksim par i-tâ

notikuma perioda un j-tâ attîstîbas perioda kumulçtajam zaudçjumu atlîdzîbâm. Di,n−i

apzîmç lîdz ðim brîdim kumulçtu zaudçjumu atlîdzîbu summu par i-tâ notikuma perioda

apdroðinâðanas gadîjumiem, savukârt Din apzîmç galîgu kumulçtu zaudçjumu atlîdzîbu

summu par i-tâ notikuma perioda apdroðinâðanas gadîjumiem.

Vairâk nekâ individuâlo vçrtîbu Cij vaiDij (i = 1, 2, ..., n un j = n−i+2, n−i+3, ..., n)

prognozçðana, interesç rindu kopsummu prognozçðana, t.i., rezervju summas nepiecieða-

mas, lai segtu zaudçjumus, kuri notikuði i-jâ periodâ, un îpaði summâro prognozi, kurð

apzîmç sagaidâmas summâras nepiecieðamas rezerves. Citiem vârdiem, i-tajam notikuma

periodam nepiecieðamas rezerves var bût aprçíinâtas kâ starpîba starp attiecîgâ notiku-

ma perioda galîgo atlîdzîbu summu un lîdz ðim brîdim izmaksâto atlîdzîbu summu, t.i.,

Ri = Din −Di,n−i+1; un tad summârâs rezerves R =
∑

iRi.

Iegûstot rezervju summas novçrtçjumu, dabisks nâkamais solis ir attîstît novçrtçju-

mu iespçjamai iegûtas prognozes variâcijai, lai varçtu izdarît secinâjumus par to vai ir

nepiecieðama papildus rezervju uzlikðana virs prognozçtâs vçrtîbas piesardzîbas nolûkos.

Vispâr sakot, lai varçtu noteikt rezervju augðçjo robeþu ar pietiekamo nozîmîbas lîme-

ni. Variâcijas mçrs, kurð parasti tiek lietots ðajâ sakarâ ir prognozes kïûda, definçta kâ

iespçjamo rezervju iznâkumu sadalîjuma standartnovirze.

1.2.2. Zaudçjumu atlîdzîbu rezervju prognozes kïûda

Prognozes kïûda ir kvadrâtsakne no prognozes vidçjâs kvadrâtiskâs kïûdas (RMSE).

Vidçjâ kvadrâtiskâ kïûda (MSE) Din novçrtçjumam D̂in tiek definçta kâ

MSE(D̂in) = E((D̂in −Din)2|Tp),

kur Tp = {Dij|i + j ≤ n + 1} ir visu lîdz ðim brîdim novçrotu datu kopa. Jâatzî-

mç, ka ðeit netiek izmantota nenosacîta vidçjâ kvadrâtiskâ kïûda E((D̂in − Din)2) =

E(E((D̂in −Din)2|Tp)), jo tâ vidçjo pa visiem iespçjamiem datiem Tp no datu ìenerçjo-

ða sadalîjuma. Tajâ vietâ praksç mûs vairâk interesç nosacîta vidçjâ kvadrâtiskâ kïûda
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konkrçtam novçrtçjumam D̂in, kurð balstâs uz konkrçtu novçrotu datu kopu Tp un tâpçc

ir jâizmanto E((D̂in −Din)2|Tp), kura dos tikai vidçjo novirzi starp D̂in un Din nâkotnes

nejauðîbas dçï.

Vispirms, ievçrosim, ka

MSE(R̂i) = E((R̂i −Ri)
2|Tp) = E((D̂in −Din)2|Tp) = MSE(D̂in).

Tad, izmantojot vispârîgo likumu E(X − a)2 = D[X] + (EX − a)2, iegûstam

MSE(D̂in) = D[Din|Tp] + (E(Din|Tp)− D̂in)2 = D[Din|Tp] +D[D̂in|Tp], (1.2.1)

kas parâda, ka vidçjâ kvadrâtiskâ kïûda ir stohastiskâs kïûdas (procesa dispersijas) un

novçrtçjuma kïûdas summa.

1.2.3. Chain-ladder metode

Pieòemsim, ka ir dots kumulçto atlîdzîbu attîstîbas trijstûris {Dij : i = 1, ..., n; j =

1, ..., n − i + 1}. Attîstîbas faktoru matrica kumulçto atlîdzîbu kopai {Dij} sastâv no

faktoriem λij, kuri tiek aprçíinâti pçc formulas

λij =
Dij

Di,j−1

, i = 1, ...n; j = 2, ...n− i+ 1.

Pirmais pamatpieòçmums ir sekojoðs [3].

Pieòçmums 1. Katram notikuma periodam ir viens un tas pats attîstîbas faktors, t.i.,

katram j = 2, ...n izpildâs

λij = λj ∀i = 1, ..., n.

Saskaòâ ar 1. pieòçmumu, vispopulârâkais attîstîbas faktoru λj novçrtçjums ir svçrtais

vidçjais

λ̂j =

∑n−j+1
i=1 Dij∑n−j+1

i=1 Di,j−1

=

∑n−j+1
i=1 Di,j−1λij∑n−j+1
i=1 Di,j−1

. (1.2.2)

Attîstîbas faktors λij ir nosvçrts ar attiecîgo \apjoma" mçru Di,j−1.

Nâkotnes trijstûra prognozçtas vçrtîbas D̂ij tiek aprçíinâtas pçc formulas

D̂ij = Di,n−i+1

j∏
k=n−i+2

λ̂k, i = 2, ..., n, j = n− i+ 2, ..., n.
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Ðîs prognozçðanas paòçmiens balstâs uz to, ka otrais modeïa pieòçmums ir spçkâ. Tiek

pieòemts, ka katram notikuma periodam obligâti ir atðíirîgs lîmenis, kurð tiek novçrtçts

ar attiecîga notikuma perioda individuâlo pieredzi. Lielums Di,n−i+1 reprezentç notikuma

perioda lîmeòa novçrtçjumu.

Pieòçmums 2. Katram notikuma periodam ir parametrs, kurð raksturo to lîmeni. i-tâ

notikuma perioda lîmeòa parametrs ir novçrtçts ar Di,n−i+1.

Pçdçjo notikuma periodu pârstâv viens vienîgs novçrojums Di1. Ja bûtu pieòçmuði,

ka notikuma periodi ir pilnîgi homogçni, tad notikuma periodu lîmenis bûtu jânovçrtç

ar
∑n

i=1Di1/n (vai labâku novçrtçjumu 1. attîstîbas perioda vidçjam lîmenim). Pilnîga

homogenitâte nozîmç, ka novçrojumi D11, D21, ..., Dn1 ir uzìenerçti ar vienu un to paðu

procesu. Chain-ladder metode pieòem, ka procesi, kuri uzìenerçja atlîdzîbu pieaugumus

D11, D21, ..., Dn1 ir tik nesaistîti, ka informâcijas apvienoðana nesniedz nekâdu efektivitâtes

uzlabojumu. Vispâr ir ïoti grûti noticçt, ka ðâds pieòçmums kâdreiz varçtu bût spçkâ

praksç.

Chain-ladder metode dod iespçju vienkârði atrast rezervju prognozi, bet ðî metode

nedod iespçju novçrtçt ðîs prognozes kïûdu. Tâpçc tâlâk ðajâ nodaïâ tiks apskatîti daþi

statistiski modeïi, kuri dod tos paðus vai lîdzîgus novçrtçjumus kâ chain-ladder metode,

bet dod arî iespçju novçrtçt prognozes kïûdu.

1.2.4. Virs-izkliedçts Puasona modelis

Ðajâ apakðnodaïâ aprakstîsim saistîbu starp Chain-ladder metodi un sekojoðo statis-

tisko modeli priekð atlîdzîbu pieaugumiem Cij [4].

Cij ∀i, j neatkarîgi sadalîts pçc Puasona sadalîjuma ar vidçjo vçrtîbu µij, (1.2.3)

lnµij = c+ αi + βj un α1 = β1 = 0. (1.2.4)

Turpmâk pieòemsim, ka

n−j+1∑
i=1

Cij ≥ 0 visiem j. (1.2.5)

Ðî pieòçmuma iemesls kïûs skaidrs pçc vienâdojuma (1.2.7). Jâievçro, ka mçs nepra-

sâm, lai visi atlîdzîbu pieaugumi bûtu nenegatîvi, bet tikai kolonu summas. Puasona
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modelçðanas sadalîjuma izmantoðana nenozîmç, ka datiem, jâbût pozitîviem, veseliem

skaitïiem; ir iespçjams izmantot vislielâkâs kvazi-ticamîbas funkciju, kurai ir visas Puaso-

na vislielâkâs ticamîbas funkcijas îpaðîbas, bez faktiskâs atsauces uz Puasona sadalîjuma

blîvuma funkciju. Tas nozîmç, ka ðis modelis var bût pielietots negatîviem atlîdzîbu

pieaugumiem.

Ðobrîd ir vienkârðâk saglabât pieòçmumu, ka datiem ir Puasona sadalîjums, kaut gan

visur tâlâk tâ ir tikai vislielâkâs ticamîbas funkcijas forma, kura ir svarîga. Acîmredzot,

ðis modelis ir saprâtîgs, kad trijstûris sastâv no atlîdzîbu skaita, nevis atlîdzîbu summâm.

Tâdçï, lai parâdîtu ekvivalenci ar chain-ladder metodi, vispirms pieòemsim, ka attîstîbas

trijstûri veido atlîdzîbu skaits sagrupçts pçc notikuma perioda i un attîstîbas perioda

(kurð ðajâ gadîjumâ varçtu bût atlîdzîbas pieteikðanas periods) j.

Modeïa (1.2.3), (1.2.4) parametru novçrtçjumi tiek iegûti ar vislielâkâs ticamîbas me-

todi. Novçrtçjums summâram atlîdzîbu skaitam tiek iegûts no vienâdîbas

D̂in = D̂i,n−i+1 +
n∑

j=n−i+2

exp
(
ĉ+ α̂i + β̂j

)
, i = 2, 3, ..., n, (1.2.6)

kur ĉ, α̂i, β̂j ir vislielâkâs ticamîbas parametru novçrtçjumi.

Tie paði novçrtçjumi {D̂in : i = 2, ..., n} tiek iegûti ar sekojoðo nosacîto vislielâkâs

ticamîbas funkciju. Apzîmçsim nosacîtu varbûtîbu, ka i-tâ notikuma perioda atlîdzîba,

kura mçs zinâm ir pieteikta, ir pieteikta attîstîbas periodâ j, ar pj|i. Notikuma periodam

i, tâ ir varbûtîba, ka attîstîbas periods ir j, pie nosacîjuma, ka tas ir mazâks vai vienâds

ar n − i + 1. Parasts pieòçmums par to, ka atlîdzîbu pieteikðanas process ir stacionârs

nozîmç, ka varbûtîba tam, ka atlîdzîba tiek pieteikta katrâ attîstîbas periodâ, nav atkarîga

no notikuma perioda. Tâtad

pj|i =
pj∑n−i+1

k=1 pk
, (1.2.7)

kur pj ir varbûtîba, ka atlîdzîba ir pieteikta attîstîbas periodâ j un
∑n

k=1 pk = 1.

Pçdçjais pieòçmums nozîmç, ka visas atlîdzîbas ir pieteiktas lîdz n-tâ attîstîbas perioda

beigâm. Tas arî ir saskaòots ar chain-ladder metodi vispâr, kura nenodarbojas ar progno-

zçðanu pçc Din, t.i., pçc pçdçja attîstîbas perioda, kurð jau ir novçrots. Tas arî izskaidro

ierobeþojuma (1.2.5) nepiecieðamîbu, jo bez tâ mçs nevarçtu izmantot varbûtîbas.

Nosacîtâ vislielâkâs ticamîbas funkcija lc ðiem datiem var bût iegûta izmantojot Mul-
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tinomiâlâ sadalîjuma blîvuma funkciju [4]

f(x1, ..., xk;N ; p1, ..., pk) =
N !

x1!...xk!
px1

1 ...p
xk
k ,

k∑
i=1

xi = N.

Mûsu gadîjumâ xi ir vçrtîbas Cij, bet k = n− i+ 1 ir pçdçja novçrota attîstîbas perioda

indekss katram notikuma periodam i. Vislielâkâs ticamîbas funkcija ir nosacîtâ, jo tâ ir

pie nosacîjuma, ka visvçlâkâ novçrota rindas summa ir Di,n−i+1, un ir sekojoðâ formâ

Lc =
n∏
i=1

(
Di,n−i+1!∏n−i+1
j=1 Cij!

n−i+1∏
j=1

p
Cij

j|i

)
. (1.2.8)

Maksimizçjot ðo ticamîbas funkciju iegûstam sekojoðus summâra atlîdzîbu skaita no-

vçrtçjumus

D̂in =
Di,n−i+1

1−
∑n

j=n−i+2 p̂j
, i = 2, ..., n, (1.2.9)

kur p̂j ir pj novçrtçjums, kurð iegûts maksimizçjot Lc. Var parâdît, ka Puasona modelis

dod tos paðus novçrtçjumus kâ nosacîtâ vislielâkâs ticamîbas funkcija, t.i., ka vienâdojumi

(1.2.6) un 1.2.9 dod vienâdus rezultâtus.

Daþreiz ir çrtâk apskatît prognozi notikuma perioda atlîdzîbu skaitam, kurð bija pie-

teikts lîdz attîstîbas periodam j vienâdîbas (1.2.9) vietâ. Galîgs notikuma perioda n−j+1

kumulçts atlîdzîbu skaits ir

D̂n−j+1,n =
Dn−j+1,j

1−
∑n

k=j+1 p̂k
. (1.2.10)

Tas var bût salîdzinâts ar chain-ladder metodes prognozçm

D̂n−j+1,n = Dn−j+1,jλ̂j+1λ̂j+2...λ̂n, (1.2.11)

kur

λ̂j =

∑n−j+1
i=1 Dij∑n−j+1

i=1 Di,j−1

. (1.2.12)

Rozenbergs 1990. gadâ piedâvâja rekursîvo formulu novçrtçjumu p̂j, j = 1, ..., n iegû-

ðanai. Pieòemsim, ka ir doti pn, pn−1, ..., pj+1 novçrtçjumi, tad pj novçrtçjums p̂j var bût
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iegûts ar formulu

p̂j =
C1j + C2j + ...+ Cn−j+1,j

D1n + D2,n−1

1−p̂n
+ ...+

Dn−j+1,j

1−p̂j+1−...−p̂n

(1.2.13)

=
C1j + C2j + ...+ Cn−j+1,j

D1n + D̂2,n + ...+ D̂n−j+1,n

. (1.2.14)

Rekursija sâkâs ar p̂n = C1n/D1n. Var pierâdît, ka iegûtie novçrtçjumi p̂j, j = 1, ..., n ir

vislielâkâs ticamîbas novçrtçjumi funkcijai Lc.

Teorçma 1. Novçrtçjumi, kuri tiek iegûti maksimizçjot nosacîto vislielâkâs ticamîbas

funkciju Lc var bût iegûti rekursîvi no vienâdojuma (1.2.13).

Pierâdîjums. Ir jâatrod novçrtçjumi, kuri maksimizç

Lc =
n∏
i=1

(
Di,n−i+1!∏n−i+1
j=1 Cij!

n−i+1∏
j=1

p
Cij

j|i

)
,

kas ir ekvivalents lnLc maksimizçðanai. Lai atrisinâtu ðo problçmu, apskatîsim tikai tos

lnLc locekïus, kuri iekïauj pj|i, tâtad apskatîsim

lc =
n∑
i=1

n−i+1∑
j=1

Cij ln pj|i =
n∑
i=1

n−i+1∑
j=1

Cij

(
ln pj − ln

n−i+1∑
k=1

pk

)
izmantojot (1.2.7).

Ievçrojot, ka pn parâdâs tikai locekïos, kuros i = 1, iegûstam

∂lc
∂pn

=
C1n

pn
−

n∑
j=1

C1j∑n
k=1 pk

un no ∂lc/∂pn = 0 izriet, ka p̂n = C1n/
∑n

j=1C1j, jo
∑n

k=1 pk = 1. Tâdçjâdi p̂n = C1n/D1n.

Tagad pieòemsim, ka teorçma ir spçkâ priekð j + 1, j + 2, ..., n. Atvasinot lc pçc pj

iegûstam

∂lc
∂pj

=

n−j+1∑
i=1

(
Cij
pj
−

n−i+1∑
j=1

Cij∑n−i+1
k=1 pk

)
=

∑n−i+1
k=1 Cij
pj

−
n−j+1∑
i=1

(
Di,n−i+1∑n−i+1
k=1 pk

)

un no ∂lc/∂pj = 0 izriet, ka

p̂j =

∑n−j+1
i=1 Cij∑n−j+1

i=1

(
Di,n−i+1∑n−i+1

k=1 pk

) .
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Tâ kâ
∑n−i+1

k=1 pk = 1−
∑n

k=n−i+2 pk, ja i > 1 un
∑n

k=1 pk = 1, tas ir ekvivalents (1.2.13).

Tâdâ veidâ teorçma ir pierâdîta pçc indukcijas.

Tagad parâdîsim, ka Rozenberga metode ir ekvivalenta chain-ladder metodei. Tas

parâdîs to, ka chain-ladder metode ir tikai vienkârðs veids, kâ iegût vislielâkâs ticamîbas

novçrtçjumus nosacîtai ticamîbas funkcijai Lc un tâdçjâdi arî priekð Puasona modeïa

(1.2.3), (1.2.4).

No vienâdîbâm (1.2.10) un (1.2.11) izriet, ka

λ̂j+1λ̂j+2...λ̂n =
D̂n−j+1,n

Dn−j+1,j

=
1

1− p̂j+1 − p̂j+2 − ...− p̂n

un analoìiski

λ̂jλ̂j+1...λ̂n =
1

1− p̂j − p̂j+1 − ...− p̂n
.

Tâtad

λ̂jλ̂j+1...λ̂n =
1

1

λ̂j+1λ̂j+2...λ̂n
− p̂j

un tad

λ̂j =
1

1− p̂jλ̂j+1λ̂j+2...λ̂n
. (1.2.15)

Ar atpakaïgaitas indukciju parâdîsim, ka pçc formulas (1.2.15), izmantojot p̂j formâ

(1.2.14), iegûti novçrtçjumi λ̂j, ir tâdi paði kâ tie, kurus iegûst ar formulu (1.2.12).

Tas izpildâs pie j = n, jo

λ̂n =
1

1− p̂n
no (1.2.15)

=
1

1− C1n

D1n

no (1.2.14)

=
D1n

D1n − C1n

=
D1n

D1,n−1

,

kas sakrît ar vienâdojumu (1.2.12), kad j = n.

Tagad pieòemsim, ka ðis rezultâts ir spçkâ pie j + 1, j + 2, ..., n. Tad vienâdojumu

(1.2.13) varam pârrakstît formâ

p̂j =
C1j + C2j + ...+ Cn−j+1,j

D1n +D2,n−1λ̂n + ...+Dn−j+1,jλ̂j+1...λ̂n
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un ievietojot to vienâdojumâ (1.2.15) iegûstam

λ̂j =
1

1− C1j+C2j+...+Cn−j+1,j

D1n+D2,n−1λ̂n+...+Dn−j+1,j λ̂j+1...λ̂n
λ̂j+1λ̂j+2...λ̂n

. (1.2.16)

Teorçma 2. D1n +D2,n−1λ̂n + ...+Dn−j+1,jλ̂j+1...λ̂n = λ̂j+1...λ̂n
∑n−j+1

i=1 Dij.

Pierâdîjums.

D1n +D2,n−1λ̂n = D1n +D2,n−1
D1n

D1,n−1

=
D1n

D1,n−1

(D1,n−1 +D2,n−1)

= λ̂n(D1,n−1 +D2,n−1).

Tâdçï

D1n +D2,n−1λ̂n +D3,n−2λ̂nλ̂n−1 = λ̂n(D1,n−1 +D2,n−1 +D3,n−2λ̂n−1)

= λ̂n

(
(D1,n−2 +D2,n−2)λ̂n−1 +D3,n−2λ̂n−1

)
,

jo λ̂n−1 = (D1,n−1 +D2,n−1)/(D1,n−2 +D2,n−2).

Tâdçjâdi D1n +D2,n−1λ̂n +D3,n−2λ̂nλ̂n−1 = λ̂n−1λ̂n(D1,n−2 +D2,n−2 +D3,n−2) utt.

Analoìiski turpinot visiem locekïiem, teorçma tiks pierâdîta.

Izmantojot 2. teorçmas rezultâtu, (1.2.16) var pârveidot sekojoði

λ̂j =
1

1− C1j+C2j+...+Cn−j+1,j

λ̂j+1...λ̂n
∑n−j+1

i=1 Dij
λ̂j+1λ̂j+2...λ̂n

=

∑n−j+1
i=1 Dij∑n−j+1

i=1 Dij − (C1j + C2j + ...+ Cn−j+1,j)

=

∑n−j+1
i=1 Dij∑n−j+1

i=1 Di,j−1

,

kas sakrît ar chain-ladder novçrtçjumu. Tâdçjâdi ar indukcijas palîdzîbu tika pierâdîts,

ka Rozenberga metode ir ekvivalenta chain-ladder metodei.

Tâtad mçs parâdîjâm, ka chain-ladder metode dod tieði tos paðus novçrtçjumus kâ

modelis (1.2.3) un (1.2.4) pie pieòçmuma (1.2.5). Tâtad mums ir daþâdi veidi iegût tos

paðus novçrtçjumus {Din : i = 2, 3, ..., n}: chain-ladder metode, Rozenberga metode

un vislielâkâs ticamîbas novçrtçjums vispârinâtajâ lineârajâ modelî. Mçs varâm pamatoti
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saukt ðo vispârinâto lineâro modeli par chain-ladder lineâro modeli pie pieòçmuma (1.2.5).

Taèu, izmantosim iespçju atvieglot pieòçmumu par to, ka datiem ir Puasona sadalîjums,

kaut arî atstâsim to paðu modeïa formu un lielâkâs ticamîbas funkciju. Tâdâ veidâ mçs

iegûsim tos paðus rezultâtus, bet izvairîsimies no datu sadalîjuma specifikâcijas. Tas

nozîmç, ka chain-ladder lineârais modelis var bût pielietots arî atlîdzîbu summâm (ne

tikai atlîdzîbu skaitam). Vçl vairâk, pie nosacîjuma (1.2.5) modeli var pielietot negatîviem

atlîdzîbu pieaugumiem.

Jâatzîmç, ka daþâdu modeïu kolonu parametri arî ir saistîti. Chain-ladder metodes

parametri λj, j = 2, ..., n ir rekursîvi saistîti ar nosacîtâs vislielâkâs ticamîbas parametriem

pj, j = 1, ..., n ðâdâ veidâ

λjλj+1...λn = 1/(1− pj − pj+1 − ...− pn).

Vispârinâtâ lineârâ modeïa kolonu parametri ir saistîti ar chain-ladder metodes paramet-

riem un nosacîtâs vislielâkâs ticamîbas parametriem caur sakarîbâm [5]

λj = 1 +
eβj∑j−1
k=1 e

βk

un pj =
eβj∑n
k=1 e

βk
.

Tâ kâ izmantojam vislielâkâs ticamîbas novçrtçjumu, jebkura modeïa parametru novçrtç-

jumi tiek iegûti tieði no lineârâ modeïa novçrtçjumiem ar substitûciju. D̂in var iegût gan

no (1.2.6), gan no (1.2.10), jeb (1.2.11) { visos gadîjumos tiks iegûti vienâdi rezultâti.

Visa augstâk apskatîtâ galvenâ ideja ir tâ, ka tika atrasts vispârinâtais lineârais mo-

delis, kurð dod tieði tos paðus rezultâtus kâ chain-ladder metode, pie pieòçmuma (1.2.5).

Definîcija 3. Stohastisks chain-ladder modelis ir vispârinâtais lineârais modelis, kurâ

atlîdzîbu pieaugumu summas tiek modelçtas kâ neatkarîgie mainîgie Cij ar vidçjo vçrtîbu

µij = E(Cij), variâcijas funkciju V (µij) = µij un mçroga parametru φ > 0, izmantojot

logaritmisko saites funkciju, ðâdâ formâ

ηij = lnµij = c+ αi + βj.

Parametru novçrtçjumi ĉ, α̂i, β̂j tiek noteikti maksimizçjot kvazi-ticamîbas funkciju un
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prognozçtâs atlîdzîbu summas nâkotnes trijstûrî tiek novçrtçtas ar

µ̂ij = exp(ĉ+ α̂i + β̂j).

Pie ðîs modeïa definîcijas ir jâatzîmç, pirmkârt, ka ðâda tipa modelî, tehniskajâ nozî-

mç, ir pârâk daudz parametru un tâpçc ir nepiecieðams uzdod divus papildus nosacîjumus,

parasti, α1 = β1 = 0 un, otrkârt, nav nepiecieðams iepriekð uzdod mçroga parametra φ

vçrtîbu, jo parametru novçrtçjumi un tâdçï arî prognozçtâs atlîdzîbu vçrtîbas ir invarian-

tas pret φ vçrtîbu.

Gadîjumâ, kad ir doti daþi negatîvi atlîdzîbu pieaugumi tiek rekomendçts [4] izmantot

vispârinâtos Pîrsona atlikumus, kuri atðíirîbâ no novirzes atlikumiem, ir vienâdi definçti

priekð negatîvâm un pozitîvâm Cij vçrtîbâm. Tas ir tâpçc, ka formâla integrâlâs izteiksmes

(1.1.20) novçrtçðana, uz kuras balstâs novirzes atlikumi, izraisa lnCij aprçíinâðanu, kuri

nav definçti priekð negatîvâm Cij vçrtîbâm. Tas viens pats netraucç izteiksmes (1.1.20)

optimizâcijai vislielâkâs kvazi-ticamîbas parametru novçrtçðanas procedûrâ, ar noteiku-

mu, ka locekïi lnµij ir labi definçti, t.i., µij > 0 ∀i, j. Pateicoties lineâra prediktora

ηij = c + αi + βj specifiskai parametriskai struktûrai, ðis nosacîjums izpildâs tiklîdz vi-

sas attîstîbas trijstûra atlîdzîbu pieaugumos kolonu (un rindu) summas ir pozitîvas. Tas

saskaòojas ar pieòçmumu (1.2.5).

Ja modelis tiek definçts saskaòâ ar 3. definîciju, tad nâkotnes individuâlâs atlîdzîbu

prognozes vidçjâ kvadrâtiskâ kïûda, kâ parâdîja Renshaw [6] ir

MSE(Ĉij) = E[(Cij − Ĉij)2] ≈ D[Cij] +D[Ĉij].

No Ĉij = µ̂ij = exp(η̂ij) ar delta metodi iegûstam, ka

D[Ĉij] ≈
∣∣∣∣∂µij∂ηij

∣∣∣∣2D[η̂ij],

no 3. definîcijas arî zinâms, ka

D[Cij] = φµij,

tâtad

E[(Cij − Ĉij)2] ≈ φm̂uij + µ̂2
ijD[η̂ij]. (1.2.17)
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Renshaw arî [6] ir parâdîja, ka notikuma perioda rezervju prognozes vidçjâ kvadrâtiskâ

kïûda ir

MSE(R̂i) ≈
∑
j

φµ̂ij +
∑
j

µ̂2
ijD[η̂ij] + 2

∑
j1,j2
j2>j1

µ̂ij1µ̂ij2Cov[η̂ij1 , η̂ij2 ] (1.2.18)

un summâro rezervju prognozes vidçjâ kvadrâtiskâ kïûda ir

MSE(R̂) ≈
∑
i,j

φµ̂ij +
∑
i,j

µ̂2
ijD[η̂ij] + 2

∑
i1,j1
i2,j2

i1,j1 6=i2,j2

µ̂i1j1µ̂i2j2Cov[η̂i1j1 , η̂i2j2 ]. (1.2.19)

Summçðana visur notiek pa nâkotnes trijstûra indeksiem j.

1.2.5. Chain-ladder modeïa Normâlâ aproksimâcija

Gadîjumâ, kad negatîvo atlîdzîbu pieaugumu skaits ir pietiekoði liels, Puasona modeïa

pieòçmums (1.2.5) neizpildâs un ðis modelis vairs nevar bût pielietots. Ðajâ gadîjumâ

chain-ladder metodes novçrtçjumi var joprojâm bût reproducçti izmantojot Normâlo ap-

roksimâciju. Izmantojot atlîdzîbu pieaugumu sadalîjuma Normâlo aproksimâciju, Cij ir

aptuveni Normâli sadalîti ar parametriem

E[Dij] = λjDi,j−1 un D[Dij] = φjDi,j−1, (1.2.20)

kur j ≥ 2 un pieòemts, ka Di,j−1 ir zinâmi. Apzîmçjot wij := Di,j−1 un izdalot ar to

izteiksmes (1.2.20), iegûstam

E[Dij/wij] = λj un D[Dij/wij] = φj/wij.

Modelis tiek analizçts koncentrçjoties uz lielumiem fij = Dij/wij, kuri saskaòâ ar

modeli, ir Normâli sadalîti ar mçroga parametriem φj un svariem wij. Atzîmçsim, ka fij

veido individuâlo attîstîbas faktoru trijstûri un φj ir atkarîgi no attîstîbas perioda j. Tas

ir sareþìîjums, jo parasti vispârinâtajos lineârajos modeïos mçroga parametrs ir konstants

visiem novçrojumiem.

Ðis modelis tiek novçrtçts ar iteratîvo novçrtçðanas metodi, tâ saukto \kopçjo modelç-

ðanu" (joint modelling) [1, 357{365 lpp.], jo tas ietver parametru novçrtçðanu gan vidçjai
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vçrtîbai, gan dispersijai, kas atðíiras no parastas tikai vidçjâs vçrtîbas modelçðanas.

Kopçjâs modelçðanas process sâkâs ar pozitîvu patvaïîgu sâkuma vçrtîbu pieðíirðanu

lielumiem φj un vispârinâtâ lineârâ modeïa pielâgoðanu parametriem fij ar svariemWij =

wij/φj (t.i., svari ir apgriezti proporcionâli dispersijai). Arî konstante parasti tiek iekïauta

lineârajâ prediktorâ, tâdçjâdi iegûstot

E[fij] = c+ αj−1 ar α1 = 0, j ≥ 2. (1.2.21)

Jâatzîmç, ka lineârs prediktors ir atkarîgs tikai no attîstîbas perioda j un pielâgotâs vçr-

tîbas f̂ij ir attîstîbas faktoru λj novçrtçjumi. Iegûstot pielâgotâs vçrtîbas, tiek aprçíinâti

atlikumu kvadrâti

r2
ij = wij(fij − f̂ij)2.

Ðie atlikumu kvadrâti tiek izmantoti, kâ rezultçjoðais mainîgais otrajâ vispârinâtajâ line-

ârajâ modelî, kurâ prediktors ir atkarîgs tikai no attîstîbas perioda j, t.i.,

E[r2
ij] = c+ αj−1 ar α1 = 0, j ≥ 2. (1.2.22)

Pielâgotâs vçrtîbas r̂2
ij no otrâ modeïa tiek izmantoti, lai precizçtu vçrtîbas φj un pirmais

modelis tiek atkârtoti pielâgots pçcWij precizçðanas, lai atspoguïotu revidçtus φj novçrtç-

jumus. Tas arî pabeidz kopçjâs modelçðanas procesu, kura rezultâtâ λj un φj novçrtçjumi

tiek iegûti.

Piezîme 3. Tâ kâ atlikumu kvadrâtu modelis ir atkarîgs tikai no attîstîbas perioda j,

pielâgotâs vçrtîbas r̂2
ij bûs novçrtçtas vienkârði kâ attîstîbas perioda j atlikumu kvadrâtu

vidçjais pa i. Atlikumu formu nosaka kïûdu sadalîjums, kurð tiek lietots modelî priekð

vidçjâs vçrtîbas, kurð ðajâ gadîjumâ ir Normâlais sadalîjums.

Prognozes kïûda ðim modelim tiek aprçíinâta pçc formulas (1.2.1), savukârt procesa

un novçrtçjuma dispersijas, D[Din|Tp] un D[D̂in|Tp], tiek aprçíinâtas rekursîvi. Sâku-

mâ izvedîsim rekursîvo formulu procesa kïûdas D[Din|Tp] aprçíinâðanai. Lai atvieglotu

apzîmçjumus, apskatîsim atseviðíu rindu, atmetot indeksu i.

No modeïa specifikâcijas E[Dj|Cj−1] = λjDj−1. Izmantojot ðo faktu divu soïu uz
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priekðu nosacîtâ matemâtiskâ cerîba ir

E[Dj+1|C1, ...Cj−1] = E[E[Dj+1|C1, ...Cj−1, Cj]|C1, ...Cj−1]

= E[λjDj|C1, ...Cj−1] = λj+1λjDj−1.

Analoìiski k soïu uz priekðu nosacîtâ matemâtiskâ cerîba ir

E[Dj+k|C1, ...Cj−1] = λj+kλj+k−1...λjDj−1.

Tagad apskatîsim dispersiju. No modeïa specifikâcijas D[Dj|C1, ..., Cj−1] = φjDj−1. Tad

divu soïu uz priekðu nosacîtâ dispersija ir

D[Dj+1|C1, ..., Cj−1] = E[D[Dj+1|C1, ..., Cj]|C1, ..., Cj−1] + λ2
j+1D[Dj|C1, ..., Cj−1]

= E[φj+1Dj|C1, ..., Cj−1] + λ2
j+1φjDj−1

= (φj+1λj + λ2
j+1φj)Dj−1.

Analoìiski triju soïu uz priekðu nosacîtâ dispersija ir

D[Dj+2|C1, ..., Cj−1] = E[D[Dj+2|C1, ..., Cj]|C1, ..., Cj−1] + λ2
j+2λ

2
j+1D[Dj|C1, ..., Cj−1]

= E[(φj+2λj+1 + φj+1λ
2
j+2)Dj|C1, ..., Cj−1] + λ2

j+2λ
2
j+1φjDj−1

= (φj+2λj+1λj + λ2
j+2φj+1λj + λ2

j+2λ
2
j+1φj)Dj−1.

Tâ turpinot, iegûstam k + 1 soïu uz priekðu nosacîtu dispersiju

D[Dj+k|C1, ..., Cj−1] = E[D[Dj+k|C1, ..., Cj]|C1, ..., Cj−1] + λ2
j+k...λ

2
j+1D[Dj|C1, ..., Cj−1]

= (φj+kλj+k−1...λj + λ2
j+kφj+k−1λj+k−2...λj

+ λ2
j+kλ

2
j+k−1φj+k−2...λj + ...+ λ2

j+k...λ
2
j+2φj+1λj

+ λ2
j+k...λ

2
j+1φj)Dj−1.

Tagad izvedîsim formulu novçrtçjuma kïûdas aprçíinâðanai. Apskatot atseviðíu rin-

du un atmetot indeksu i, mums interesç lielums D[D̂n|Dn−i+1], kas ir notikuma perioda

prognozçtâ summâras atlîdzîbas novçrtçjuma dispersija, zinot vçlâkâs kumulçtas atlîdzî-

bas vçrtîbu Dn−i+1. Atzîmçsim, ka to paðu rezultâtu var iegût apskatot dispersiju no
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prognozçtu atlîdzîbu pieaugumu summas.

D[D̂n|Dn−i+1] = D[λ̂n−i+2...λ̂nDn−i+1|Dn−i+1] = D2
n−i+1D[λ̂n−i+2...λ̂n|Dn−i+1].

No ðis formulas redzams, ka mums ir nepiecieðams atrast attîstîbas faktoru novçrtçju-

mu reizinâjuma dispersiju, kura var bût iegûta rekursîvi, reizinâtu ar vçlâko kumulçto

atlîdzîbu kvadrâtâ. Turpmâka izveduma pârskatâmîbai, formulu pierakstâ izlaidîsim no-

sacîjumu.

Izvedumâ izmantosim sekojoðu faktu. Ja divi gadîjuma lielumi X un Y ir neatkarîgi,

tad ir spçkâ sakarîba

D[XY ] = EX2EY 2 − (EX)2(EY )2

= (EX)2EY 2 − (EX)2(EY )2 + (EY )2EX2 − (EY )2(EX)2

+ EY 2EX2 − EY 2(EX)2 − (EY )2EX2 + (EY )2(EX)2

= (EX)2(EY 2 − (EY )2) + (EY )2(EX2 − (EX)2)

+ (EY 2 − (EY )2)(EX2 − (EX)2)

= (EX)2DY + (EY )2DX +DYDX.

Notikuma periodam i = 2, novçrtçjuma dispersija ir vienkârði D2
n−i+1D[λ̂n]. Notikuma

periodam i = 3, mums interesç D2
n−i+1D[λ̂n−1λ̂n], kur pie nosacîjuma, ka attîstîbas faktori

ir neatkarîgi vai, kâ parâdîts [7], vismaz nekorelçti,

D[λ̂n−1λ̂n] =
(
E[λ̂n−1]

)2

D[λ̂n] +
(
E[λ̂n]

)2

D[λ̂n−1] +D[λ̂n]D[λ̂n−1],

kur attîstîbas faktoru dispersijas tiek iegûtas modeïa pielâgoðanas rezultâtâ, bet matemâ-

tiskâs cerîbas tiek aizvietotas ar novçrotâm vçrtîbâm, tâdâ veidâ

D[λ̂n−1λ̂n] ≈
(
λ̂n−1

)2

D[λ̂n] +
(
λ̂n

)2

D[λ̂n−1] +D[λ̂n]D[λ̂n−1].

Nâkamajam notikuma periodam i = 4 ir vajadzîga triju faktoru reizinâjuma dispersija

D[λ̂n−2(λ̂n−1λ̂n)] =
(
E[λ̂n−2]

)2

D[λ̂n−1λ̂n] +
(
E[λ̂n−1λ̂n]

)2

D[λ̂n−2] +D[λ̂n−1λ̂n]D[λ̂n−2].

Ievietojot ðajâ izteiksmç iepriekðçjâ solî aprçíinâtu vçrtîbu D[λ̂n−1λ̂n], iegûstam nepie-
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cieðamo dispersiju. Tâdâ veidâ ðî rekursîva procedûra tiek turpinâta lîdz i = n, kur

D[λ̂n−i+2...λ̂n] =
(
E[λ̂n−i+2]

)2

D[λ̂n−i+3...λ̂n] +
(
E[λ̂n−i+3...λ̂n]

)2

D[λ̂n−i+2]

+D[λ̂n−i+3...λ̂n]D[λ̂n−i+2]

tiek iegûta ievietojot iepriekðçjâ solî i = n− 1 aprçíinâtu vçrtîbu.

Summâro rezervju prognozes kïûda var bût aprçíinâta kâ summa

MSE(R̂) = D[R] +D[R̂],

kur summâro rezervju procesa dispersija ir individuâlo notikuma periodu procesu disper-

siju summa, t.i.,

D[R] =
n∑
i=2

D[Ri] =
n∑
i=2

D[Din],

bet summâro rezervju novçrtçjuma kïûda ir dota ar

D[R̂] ≈
n∑
i=2

D[D̂in] + 2
n∑
i=2
j>i

Cov[D̂in, D̂jn].

Summâro rezervju novçrtçðanas kïûdas aprçíins prasa kovariâcijas Cov[D̂in, D̂jn] aprçíi-

nu. Savukârt ðîs kovariâcijas var bût iegûtas izmantojot iepriekð aprçíinâtâs attîstîbas

faktoru reizinâjuma dispersijas. Apskatîsim notikuma periodu i = 2, tad

Cov[D̂2,n, D̂3,n] = Cov[D2,n−1λ̂n, D3,n−2λ̂n−1λ̂n]

= D2,n−1D3,n−2λ̂n−1D[λ̂n],

jo attîstîbas faktori ir neatkarîgi. Lîdzîgi

Cov[D̂2,n, D̂4,n] = Cov[D2,n−1λ̂n, D4,n−3λ̂n−2λ̂n−1λ̂n]

= D2,n−1D4,n−3λ̂n−2λ̂n−1D[λ̂n],

Cov[D̂2,n, D̂5,n] = D2,n−1D5,n−4λ̂n−3λ̂n−2λ̂n−1D[λ̂n]

un tâ tâlâk, apskatot visu notikuma periodu lielâku par 2 kovariâcijas ar otro notikuma
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periodu. Apskatîsim i = 3

Cov[D̂3,n, D̂4,n] = Cov[D3,n−2λ̂n−1λ̂n, D4,n−3λ̂n−2λ̂n−1λ̂n]

= D3,n−2D4,n−3λ̂n−2D[λ̂n−1λ̂n].

Ðeit D[λ̂n−1λ̂n] vietâ ievietojâm vçrtîbu, kura bija izrçíinâtâ agrâk un analoìiski turpinot

iegûstam kovariâcijas visiem j > 3 ar i = 3. Ðî procedûra tiek turpinâta lîdz notikuma

periodam i = n− 1, kur

Cov[D̂n−1,n, D̂n,n] = Cov[Dn−1,2λ̂3λ̂4...λ̂n, Dn,1λ̂2λ̂3...λ̂n]

= Dn−1,2Dn,1λ̂2D[λ̂3λ̂4...λ̂n].

1.2.6. Maka modelis

Viens no pirmajiem stohastiskajiem modeïiem, kurð dod tos paðus novçrtçjumus kâ

chain-ladder metode ir Maka modelis (\Mack's model"). Ðim modelim ir ierobeþoti pie-

òçmumi attiecîbâ uz datu sadalîjumu, norâdot tikai pirmos divus momentus. Tâpçc ðâ

modeïa priekðrocîba ir vienkârðîba, bet tai pat laikâ tas ierobeþo atlîdzîbu rezervju sada-

lîjuma analîzi tikai ar pirmo divu momentu noteikðanu.

Saskaòâ ar Maka modeli [8] Dij vidçjâ vçrtîba un dispersija ir

E[Dij] = λjDi,j−1 un D[Dij] = σ2
jDi,j−1. (1.2.23)

Maks piedâvâja sekojoðus novçrtçjumus parametriem λj un σ2
j

λ̂j =

∑n−j+1
i=1 wijfij∑n−j+1
i=1 wij

, kur wij = Di,j−1 un fij =
Dij

Di,j−1

(1.2.24)

un

σ̂2
j =

1

n− j

n−j+1∑
i=1

wij(fij − λ̂j)2. (1.2.25)

Attîstîbas faktoru λj novçrtçjums ir individuâlo attîstîbas faktoru svçrtais vidçjais [7].

Maks pierâda, ka tas dod nenovirzîtus un efektîvus attîstîbas faktoru novçrtçjumus. Dis-

persijas komponente σ2
j tiek novçrtçta kâ svçrto atlikumu vidçjais, kur dalîtâjs ir atlikumu

skaits (ko izmantoja novçrtçjuma aprçíinâ) mînus viens. Viens tiek atòemts, lai nodro-

ðinâtu σ2
j nenovirzîtu novçrtçjumu. Ðîs dispersijas komponentes neizmanto novçrtçjot at-
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tîstîbas faktorus, bet tâs ir nepiecieðamas apskatot nâkotnes atlîdzîbu prognozes kïûdas.

Lîdzîgi, ka Normâlajâ modelî, nepietiek informâcijas pçdçjâs dispersijas komponentes σ2
n

novçrtçðanai.

Atlîdzîbu rezervju prognozes kïûdu Maka modeïa gadîjumâ var aprçíinât izmantojot

sekojoðu teorçmu, ko pierâdîja Maks [8] 1993.gadâ un tâs sekas.

Teorçma 4. Pieòemsim, ka kumulçto atlîdzîbu vidçjâ vçrtîba un dispersija ir dotas ar

(1.2.23) un daþâdu notikuma perioda kumulçtas atlîdzîbas ir neatkarîgas, t.i., {Di1, ..., Din},

{Dk1, ..., Dkn}, ja i 6= k ir neatkarîgi, tad notikuma perioda rezervju prognozes vidçjâs

kvadrâtiskâs kïûdas novçrtçjums ir

̂MSE(R̂i) = D̂2
in

n−1∑
k=n−i+1

σ̂2
k+1

λ̂2
k+1

(
1

D̂ik

+
1∑n−k

q=1 Dqk

)
.

Sekas 5. Pie 4. teorçmas pieòçmumiem summâro rezervju prognozes R̂ = R̂2 + ... + R̂n

vidçjâs kvadrâtiskâs kïûdas novçrtçjums ir

̂MSE(R̂) =
n∑
i=2

[
MSE(R̂i) + D̂in

(
n∑

q=i+1

D̂qn

)
n−1∑

k=n−i+1

2σ̂2
k+1

λ̂2
k+1

∑n−k
q=1 Dqk

]
. (1.2.26)

1.2.7. Log-Normâlais modelis

Apskatot log-Normâlo modeli ir jâsâk ar atlîdzîbu pieaugumu transformçðanu, proti

logaritmçðanu. Tad transformçtajâm vçrtîbâm modelis tiek pielâgots izmantojot parasto

regresijas analîzes mazâko kvadrâtu metodi. Tad, pâròemot chain-ladder tipa prediktora

struktûru,

Yij = lnCij = ηij + εij,

kur ηij = c+ αi + βj un εij ∼ N(0, σ2). (1.2.27)

Novçrtçjot lineâra prediktora parametrus un procesa dispersiju σ2, pielâgotâs vçrtîbas

uz logaritmiskâs skalas tiek iegûtas veidojot atbilstoðas parametru novçrtçjumu summas.

Taèu, lai iegûtu vidçjâs vçrtîbas novçrtçjumu uz oriìinâlâs skalas, mçs nevaram vienkârði
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kâpinât lineâru prediktoru, jo tas dotu mediânas novçrtçjumu. Pielâgotâs vçrtîbas uz

oriìinâlâs skalas tiek aprçíinâtas sekojoði

Ĉij = exp
(
η̂ij + 1/2σ̂2

ij

)
, kur σ̂2

ij = D[η̂ij] + σ̂2. (1.2.28)

Komponentes σ2
ij faktiski ir lineâra prediktora prognozes kïûdas un tâs tiek aprçíinâtas

kâ lineâra prediktora dispersijas un procesa dispersijas summa.

Piezîme 6. Iemesls tam, ka dispersijas komponente vienâdojumâ (1.2.28) log-Normâlajâ

modelî ir vajadzîga ir tas, ka Puasona modelî paði atlîdzîbu pieaugumi tiek izmantoti kâ

rezultçjoðs mainîgais, bet log-Normâlajâ modelî - atlîdzîbu pieaugumu logaritmi.

Vienâdîba (1.2.28) ir log-Normâlâ sadalîjuma matemâtiskâs cerîbas standarta veids.

Jâatzîmç, ka dispersijas komponente iekïauj sevî gan procesa, gan novçrtçjuma kïûdu.

Nâkotnes atlîdzîbu pieaugumu Ĉij prognozes dispersija ir

MSE(Ĉij) = Ĉ2
ij

(
exp(σ̂2

ij)− 1
)
,

kas ir log-Normâlâ sadalîjuma dispersijas standarta veids.

Lai aprçíinâtu notikuma perioda un summâro rezervju prognozes kïûdu, nepiecieðams

apskatît prognozçto vçrtîbu summas dispersiju, òemot vçrâ visas kovariâcijas starp prog-

nozçtajâm vçrtîbâm. Notikuma perioda rezervju R̂i =
∑n

j=n−i+2 Ĉij prognozes kïûda tiek

aprçíinâta sekojoði

MSE(R̂i) ≈
n∑

j=n−i+2

MSE(Ĉij) + 2
n∑

j1,j2=n−i+2
j2>j1

Ĉij1Ĉij2 (exp(Cov[η̂ij1 , η̂ij2 ])− 1) (1.2.29)

un summâro rezervju prognozes kïûda tiek aprçíinâta pçc formulas

MSE(R̂) ≈
∑
i,j

MSE(Ĉij) + 2
∑
i1,j1
i2,j2

i1,j1 6=i2,j2

Ĉi1j1Ĉi2j2 (exp(Cov[η̂i1j1 , η̂i2j2 ])− 1) , (1.2.30)

kur summçðana notiek pa prognozçto nâkotnes atlîdzîbu indeksiem.

Negatîvi atlîdzîbu pieaugumi uzreiz izraisa problçmas ðajâ modelî, tâ kâ logaritms nav

definçts negatîvâm vçrtîbâm.
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1.2.8. Gamma modelis

Maks [9] ierosinâja izmantot tâdu paðu lineâro prediktoru kâ 3. definîcijâ, bet piedâ-

vâja izmantot Gamma sadalîjumu atlîdzîbu summâm. Tâdçjâdi tiek analizçts tâds pats

modelis kâ aprakstîts 1.2.4.. apakðnodaïâ, tikai dispersija formâ D[Cij] = φµij tiek aiz-

vietota ar D[Cij] = φµ2
ij, t.i. Gamma modeïa dispersija ir proporcionâla vidçjâs vçrtîbas

kvadrâtam nevis paðai vidçjai vçrtîbai. Ar ðo modeli prognozçtâs vçrtîbas parasti, bet ne

vienmçr, ir tuvas chain-ladder novçrtçjumiem.

Pâròemot chain-ladder tipa prediktora struktûru lnµij = ηij = c + αi + βj, paramet-

ru novçrtçjumi un prognozçtâs vçrtîbas tiek iegûtas tieðâ veidâ izmantojot vispârinâto

lineâro modeli. Arî acîmredzami, ka nâkotnes atlîdzîbu rezervju prognozes kïûdas tiek

novçrtçtas analoìiski Puasona modeïa gadîjumam, izdarot attiecîgas izmaiòas procesa

kïûdâ izteiksmçs (1.2.17), (1.2.18) un (1.2.19). Tâtad

MSE(Ĉij) ≈ φµ̂2
ij + µ̂2

ijD[η̂ij], (1.2.31)

MSE(R̂i) ≈
∑
j

φµ̂2
ij +

∑
j

µ̂2
ijD[η̂ij] + 2

∑
j1,j2
j2>j1

µ̂ij1µ̂ij2Cov[η̂ij1 , η̂ij2 ], (1.2.32)

MSE(R̂) ≈
∑
i,j

φµ̂2
ij +

∑
i,j

µ̂2
ijD[η̂ij] + 2

∑
i1,j1
i2,j2

i1,j1 6=i2,j2

µ̂i1j1µ̂i2j2Cov[η̂i1j1 , η̂i2j2 ], (1.2.33)

kur summçðana notiek pa nâkotnes trijstûra indeksiem j.
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2. Butstrapa metode

2.1. Butstrapa metodes jçdziens

Butstraps ir datu pârkârtoðanas metode statistisko funkcionâïu T (Y1, Y2, ..., Yn, F ) sa-

dalîjuma aproksimâcijai, kur Y1, ...Yn ir izlases novçrojumi un F ir sadalîjuma funkcija.

Pieòemsim, ka Y1, Y2, . . . Yn ir neatkarîgi un vienâdi sadalîti ar Y1 ∼ F un T =

T (Y1, . . . , Yn, F ) ir kâds funkcionâlis. Viena no galvenajâm matemâtiskâs statistikas pro-

blçmâm ir atrast T sadalîjumu, tas ir atrast PF (T (Y1, . . . , Yn, F ) ≤ t). Pieòemsim, ka

Y1,...,Yn pietiekami labi reprezentç îsto populâcijas sadalîjumu. Butstrapa ideja ir ìenerçt

daudz izlaðu no sâkotnçjâs un aproksimçt statistikas T sadalîjumu. Tas ir, izvçlçsimies no

dotâs izlases Y1,...,Yn jaunas izlases ar atkârtojumiem no empîriskâs sadalîjuma funkcijas

F̂n,

F̂n(y) = 1/n
n∑
i=1

I{Yi≤y}, kur I{Yi≤y} =

 1, ja Yi ≤ y

0, ja Yi > y
.

Lîdz ar to visiem novçrojumiem ir vienâda 1/n varbûtîba tikt izvçlçtiem (tâpçc, ka iz-

vçlamies faktiski no novçrtçtâ populâcijas sadalîjuma F̂n). To arî sauc par empîrisko,

neparametrisko vai daþkârt par parasto butstrapu.

Apzîmçsim iegûtâs butstrapa izlases {Y ∗11, ..., Y
∗

1n}, {Y ∗21, ..., Y
∗

2n},...,{Y ∗B1, ..., Y
∗
Bn}, kur

B apzîmç butstrapoto izlaðu skaitu. Statistiskâ funkcionâïa T sadalîjumu punktâ t, tas

ir, PF (T ≤ t) aproksimçsim ar {j skaits : T ∗j ≤ t}/B, kur T ∗1 , T ∗2 ,...,T ∗B apzîmç statistikas

T vçrtîbas B daþâdajâm butstrapa izlasçm.

2.2. Rezidiju butstraps

Standartâ butstrapa pielietojumâ [10], [11], kad pieòemts, ka dati ir neatkarîgi un

vienâdi sadalîti, datu pârkârtoðanu var veikt tieði no paðiem datiem. Regresijas tipa
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problçmu gadîjumâ, parasti tiek pieòemts ka dati ir neatkarîgi, bet nav vienâdi sadalîti,

jo vidçjie (un iespçjams dispersijas) ir atkarîgas no prediktoriem. Tâdçï regresijas tipa

problçmâm parasti tiek izmantots rezidiju butstraps [12], nevis pâru butstraps, jo atlikumi

parasti ir neatkarîgi un vienâdi sadalîti, vai var tikt uztaisîti par tâdiem.

Pieòemsim, ka ir regresija Y uz X. X ir n× p dizaina matrica ar i-to rindu vienâdu

ar xTi , β ir parametru vektors un β̂ ir parametru novçrtçjumi, kuri iegûti apskatâma

regresijas modeïa pielâgoðanas rezultâtâ.

Definîcija 4. Pieòemsim, ka r1, r2, ..., rn ir atlikumi iegûti modeïa pielâgoðanas rezultâtâ;

r̄ = 0, ja xi = (1, xi1, ..., xi,p−1)T , bet ne otrâdi. Definçsim r̃i = ri − r̄ un, lai r∗1, ..., r
∗
n

ir izlase ar atkârtojumiem ar apjomu n no {r̃1, ..., r̃n}. Pie tam, lai β∗ ir parametra β

novçrtçjums, kas aprçíinâts no (xi, y
∗
i ), i = 1, ..., n. Tâ ir β̂ butstrapotâ versija un ðî

shçma tiek saukta par rezidiju butstrapu.

2.3. Rezidiju butstrapa metodes izmantoðana IBNR

rezervju noteikðanai

Lai realizçtu rezidiju butstrapa metodi ir nepiecieðams izvçlçties modeli, definçt atbil-

stoðus atlikumus un veikt butstrapa prognozçðanas procedûru.

Lai definçtu piemçrotâkus atlikumus ir jâòem vçrâ divas lietas. Pirmkârt, datu pârkâr-

toðanas metode balstâs uz tâ, ka atlikumi ir neatkarîgi un vienâdi sadalîti, un, otrkârt, ir

vienalga pârkârtot atlikumus vai atlikumus reizinâtus ar konstanti, kamçr tas tiek òemts

vçrâ ìenerçjot pseido-datus.

Vispârinâtâ lineârâ modeïa ietvaros varçtu izmantot daþâdus atlikumu tipus (Pîrsona,

novirzes, utt.). Puasona modeïa gadîjumâ butstrapam tiek izmantoti Pîrsona atlikumi,

kuri saskaòâ ar 1. definîciju ir ðâdi

rP (ij) =
Cij − µ̂ij√

µ̂ij
,

kur µ̂ij ir pielâgotâs atlîdzîbu pieaugumu vçrtîbas dotas ar vienâdîbu (1.2.4).

Apskatîsim butstrapa procedûru, kura ïauj iegût rezervju vidçjâs vçrtîbas novçrtçjumu,

novçrtçjuma dispersiju un rezervju novçrtçjumu sadalîjumu.

Pirmais variants [10] izmanto Centrâlâs robeþteorçmas priekðrocîbas un pçc bûtîbas
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aproksimç rezervju sadalîjumu ar Normâlo sadalîjumu, kur kâ matemâtiskâ cerîba ir sâ-

kotnçjâ prognoze (uz sâkotnçjiem datiem) un standartnovirze tiek dota ar prognozes stan-

dartkïûdu. Galvenâ ðis pieejas atðíirîba no teorçtiskâs standartkïûdu aproksimâcijas (ar

vispârinâto lineâro modeli) ir tas, ka novçrtçjuma dispersija tiek novçrtçta ar butstrapa

palîdzîbu nevis izmantojot (aptuvenas) teorçtiskâs izteiksmes. Ðajâ gadîjumâ butstrapa

prognozes kïûda ir

RMSEb(Ri) =

√
φ̂R̂i +

n

0.5n(n+ 1)− 2n+ 1
Db[R̂i], (2.3.1)

kur φ̂ un R̂i ir vislielâkâs kvazi-ticamîbas parametru novçrtçjumi, bet Db[R̂i] ir parametra

novçrtçjuma D̂in dispersijas butstrapa novçrtçjums, t.i.,

Db[R̂i] = 1/B
B∑
k=1

(R∗k − R̂i)
2, (2.3.2)

kur B ir butstrapa cilpas atkârtojumu skaits un R∗k ir Ri butstrapa novçrtçjums k-jâ

atkârtojumâ. Summâro rezervju prognozes kïûda tiek iegûta pçc tas paðas formulas, tikai

Ri tiek aizvietota ar R.
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3. Empîriskie rezultâti

Ðajâ darba daïâ pielietosim teorçtiski apskatîtas metodes uz konkrçtiem datiem par

apdroðinâðanas atlîdzîbu summas attîstîbu 15 periodos (1. pielikums, dati tiek doti nau-

das vienîbu tûkstoðos), ar mçríi prognozçt zaudçjumu atlîdzîbu rezervju summu un ðîs

prognozes vidçjo kvadrâtisko kïûdu, kâ arî iegût prognozes sadalîjumu. Visi nepiecieðamie

aprçíini un parametru novçrtçjumi tika veikti ar programmas R palîdzîbu, A. pielikumâ

ievietoti visi R programmu kodi.

3.1. Chain-ladder metode

Ar chain-ladder metodi iegûtais rezervju summas novçrtçjums ir dots 3.1. tabulâ.

2. pielikumâ ir parâdîts rezervju aprçíina izvçrsums. Tabulâ tiek dotas kumulçtas

atlîdzîbas Dij, pie i + j ≤ 14, kâ arî nâkotnes prognozçtas kumulçtas atlîdzîbas D̂ij, pie

3.1. tabula Rezervju summas novçrtçjums ar chain-ladder metodi

Notikuma
periods Rezerves

1 0
2 227
3 1012
4 1731
5 2049
6 3167
7 5757
8 8820
9 12323
10 16405
11 17508
12 27131
13 39937
14 58621
15 92199

Summa 286887
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i+ j > 14 un attîstîbas faktori λ2, ..., λ15, ko iegûstam pielietojot formulu (1.2.2).

3.2. Vispârinâtais lineârais modelis

Lai iegûtu nâkotnes atlîdzîbu summas, jeb rezervju prognozi ar vispârinâto lineâro

modeli ir jâveic sekojoða procedûra:

• definçt modeli;

• novçrtçt parametrus c, αi, βj visiem i, j = 1, 2, ..., n un φ;

• iegût pielâgotâs vçrtîbas µ̂ij (i = 1, ..., n un j = 1, ..., n− i+ 1);

• pârbaudît modeli;

• iegût individuâlâs prognozes Ĉij = µ̂ij = ĉ+α̂i+β̂j (i = 2, ..., n un j = n−i+2, ..., n);

• iegût katra notikuma perioda summâro rezervju prognozi R̂i =
∑n

j=n−i+2 µ̂ij (i =

2, ..., n);

• iegût summâro rezervju prognozi R̂ =
∑n

i=2 R̂i.

3.2.1. Virs-izkliedçts Puasona modelis

Pielâgosim datiem virs-izkliedçto Puasona modeli, definçto kâ 3. definîcijâ. 3.2. ta-

bulâ tiek parâdîti modeïa parametru novçrtçjumi un to standartkïûdas, kas iegûtas ar

vislielâkâs kvazi-ticamîbas metodi programmâ R. Visi parametru novçrtçjumi ir bûtiski

95% ticamîbas lîmenî, izòemot α2. Bet tas neliecina par to, ka ðim parametram jâbût

nulle, jo tâ izdarot, mçs varâm neievçrot trendu, kas pats par sevi var bût statistiski

nozîmîgs.

Ar ðo metodi iegûtais rezervju summas novçrtçjums, kâ arî prognozes kïûdas novçr-

tçjums un prognozes kïûdas kâ procents no vidçjâs vçrtîbas, tiek parâdîtas 3.3. tabulâ.

Prognozes kïûdas tiek aprçíinâtâs kâ kvadrâtsakne no MSE, kuri bija aprçíinâti, izmanto-

jot formulas (1.2.18) un (1.2.19) priekð notikuma perioda un summâro rezervju prognozes

kïûdâm respektîvi.

Pçc iegûtajiem rezultâtiem redzams, ka rezervju novçrtçjumi tieðâm pilnîgi sakrît ar

chain-ladder novçrtçjumiem. Pirmajiem notikuma periodiem, kur rezervju prognozes ir
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3.2. tabula Virs-izkliedçta Puasona modeïa parametru novçrtçjums

Parametra Standart-
novçrtçjums kïûda t-statistika p-vçrtîba

c 9.39292 0.13791 68.111 0.0000
α2 0.28182 0.18005 1.565 0.1210
α3 0.74644 0.16569 4.505 0.0000
α4 1.01363 0.15950 6.355 0.0000
α5 1.08994 0.15799 6.899 0.0000
α6 1.38169 0.15292 9.035 0.0000
α7 1.26401 0.15564 8.121 0.0000
α8 1.50191 0.15209 9.875 0.0000
α9 1.69699 0.14968 11.337 0.0000
α10 1.79643 0.1488 12.073 0.0000
α11 1.69480 0.15037 11.271 0.0000
α12 1.88874 0.14863 12.708 0.0000
α13 1.99028 0.14838 13.413 0.0000
α14 2.08441 0.14862 14.025 0.0000
α15 2.00537 0.15505 12.933 0.0000
β2 -0.85208 0.04521 -18.848 0.0000
β3 -1.87885 0.07268 -25.851 0.0000
β4 -2.18229 0.08936 -24.421 0.0000
β5 -2.60309 0.11712 -22.226 0.0000
β6 -3.19098 0.16695 -19.114 0.0000
β7 -3.25413 0.18980 -17.145 0.0000
β8 -3.70992 0.26453 -14.024 0.0000
β9 -3.57051 0.27649 -12.914 0.0000
β10 -2.67025 0.1996 -13.378 0.0000
β11 -4.72527 0.6452 -7.324 0.0000
β12 -5.28576 1.01396 -5.213 0.0000
β13 -4.39324 0.82792 -5.306 0.0000
β14 -3.66040 0.79523 -4.603 0.0000
β15 -4.25125 1.62441 -2.617 0.0104
φ 447.96

mazas, prognozes nedroðums ir liels, bet vçlâkiem notikuma periodiem prognozes kïûda,

ka procents no vidçjâs vçrtîbas samazinâs. Summâro rezervju prognozes kïûda sastâda

12% no summâro rezervju vidçjâs vçrtîbas.

3.2.2. Chain-ladder modeïa Normâlâ aproksimâcija

Izmantojot rezervju novçrtçjuma iegûðanai chain-ladder modeïa Normâlo aproksimâ-

ciju, tiek izmantota kopçjâ modelçðanas procedûra. Ðîs procedûras 1. solî tiek iegûti

(1.2.21) modeïa parametru novçrtçjumi, kuri parâdîti 3.4. tabulâ. Dispersijas komponen-

tes sâkuma vçrtîbas tika izvçlçtas φj = 1, j = 1, ..., 15.
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3.3. tabula Rezervju summas novçrtçjums ar virs-izkliedçto Puasona modeli

Notikuma Prognozes Prognozes
periods Rezerves kïûda kïûda, %

1 0 - -
2 227 488 215%
3 1012 1038 103%
4 1731 1402 81%
5 2049 1530 75%
6 3167 2012 64%
7 5757 2274 39%
8 8820 2893 33%
9 12323 3509 28%
10 16405 4026 25%
11 17508 3970 23%
12 27131 5015 18%
13 39937 6087 15%
14 58621 7496 13%
15 92199 10297 11%

Summa 286887 33129 12%

3.4. tabula: Chain-ladder modeïa Normâlâ aproksimâcija; parametru novçrtçjums kopçjâs
modelçðanas 1. solî

Parametra Standart-
novçrtçjums kïûda t-statistika p-vçrtîba

c 1.4265 0.0073 194.69 0.0000
α2 -0.3194 0.0099 -32.43 0.0000
α3 -0.3551 0.0100 -35.67 0.0000
α4 -0.3828 0.0102 -37.67 0.0000
α5 -0.4032 0.0104 -38.65 0.0000
α6 -0.4052 0.0109 -37.09 0.0000
α7 -0.4133 0.0116 -35.73 0.0000
α8 -0.4115 0.0124 -33.29 0.0000
α9 -0.3901 0.0133 -29.42 0.0000
α10 -0.4220 0.0148 -28.61 0.0000
α11 -0.4240 0.0169 -25.14 0.0000
α12 -0.4203 0.0207 -20.34 0.0000
α13 -0.4136 0.0276 -15 0.0000
α14 -0.4195 0.0410 -10.24 0.0000

3.5. tabulâ tiek parâdîti otrâ modeïa (1.2.22) parametru novçrtçjumi, no kuriem

tiek iegûtas precizçtas φj vçrtîbas (3.6. tabula). Izmantojot jaunâs φj vçrtîbas, tiek

pârrçíinâti svari Wij.

Pçdçjâ parametra φ15 novçrtçðanai ir nepietiekama informâcija, tâ kâ ðajâ punktâ ir

tikai viens atlikums. φ15 novçrtçjums tika paòemts vienâds ar iepriekðçjo vçrtîbu φ14.

Pçdçjâ procedûras solî pirmais modelis tiek pielâgots atkârtoti, izmantojot precizçtas

svaru Wij vçrtîbas. Modeïa parametru novçrtçjumi tiek parâdîti 3.7. tabulâ.
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3.5. tabula: Chain-ladder modeïa Normâlâ aproksimâcija; parametru novçrtçjums kopçjâs
modelçðanas 2. solî

Parametra Standart-
novçrtçjums kïûda t-statistika p-vçrtîba

c 127.1 24.58 5.17 0.0000
α2 -95.2 35.42 -2.69 0.0086
α3 -79.5 36.18 -2.20 0.0305
α4 -125.0 37.05 -3.37 0.0011
α5 -123.7 38.07 -3.25 0.0016
α6 -119.6 39.29 -3.05 0.0031
α7 -124.7 40.76 -3.06 0.0029
α8 -122.5 42.57 -2.88 0.0050
α9 -23.7 44.87 -0.53 0.5984
α10 -126.4 47.91 -2.64 0.0098
α11 -127.0 52.14 -2.44 0.0168
α12 -125.3 58.51 -2.14 0.0349
α13 -122.4 69.51 -1.76 0.0817
α14 -127.1 95.19 -1.34 0.1851

3.6. tabula Chain-ladder modeïa Normâlâ aproksimâcija; dispersijas komponentes φj

Parametra
novçrtçjums

φ2 127.10
φ3 31.94
φ4 47.59
φ5 2.15
φ6 3.45
φ7 7.49
φ8 2.38
φ9 4.63
φ10 103.38
φ11 0.70
φ12 0.12
φ13 1.80
φ14 4.74
φ15 4.74

Tâ kâ ðajâ modelî identitâtes saites funkcija tiek izmantota, ðajâ gadîjumâ parametru

novçrtçjumi ir uz tâs paðas skalas kâ attîstîbas faktori. 3.8. tabulâ tiek parâdîti attîstîbas

faktori un to standartkïûdas, kuras tiek aprçíinâtas izmantojot parametru αj kovariâcijas

matricu, ko ieguvâm procedûras 3. solî kopâ ar parametru αj novçrtçjumiem.

3.9. tabulâ tiek parâdîtas ar Normâlo modeli iegûtas rezervju prognozes, kâ arî pro-

cesa un novçrtçjuma dispersijas un prognozes kïûda, kuras bija aprçíinâtas izmantojot

rekursîvas formulas iegûtas 1.2.5. apakðnodaïâ. Formulas izvedumâ tika izmantots, ka

attîstîbas faktori nav korelçti, lai to pârbaudîtu praksç tiek aprçíinâta parametru λ kova-
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3.7. tabula: Chain-ladder modeïa Normâlâ aproksimâcija; parametru novçrtçjums kopçjâs
modelçðanas 3. solî

Parametra Standart-
novçrtçjums kïûda t-statistika p-vçrtîba

c 1.4265 0.0141 101.3 0.0000
α2 -0.3194 0.0154 -20.7 0.0000
α3 -0.3551 0.0162 -22.0 0.0000
α4 -0.3828 0.0142 -27.0 0.0000
α5 -0.4032 0.0143 -28.3 0.0000
α6 -0.4052 0.0146 -27.8 0.0000
α7 -0.4133 0.0143 -29.0 0.0000
α8 -0.4115 0.0145 -28.3 0.0000
α9 -0.3901 0.0238 -16.4 0.0000
α10 -0.4220 0.0142 -29.7 0.0000
α11 -0.4240 0.0141 -30.1 0.0000
α12 -0.4203 0.0148 -28.5 0.0000
α13 -0.4136 0.0172 -24.1 0.0000
α14 -0.4195 0.0205 -20.4 0.0000
φ 1.1429

3.8. tabula: Chain-ladder modeïa Normâlâ aproksimâcija; attîstîbas faktori un to stan-
dartkïûdas

Parametra Standart-
novçrtçjums kïûda

λ2 1.4265 0.0141
λ3 1.1071 0.0063
λ4 1.0714 0.0079
λ5 1.0438 0.0017
λ6 1.0233 0.0024
λ7 1.0214 0.0037
λ8 1.0133 0.0024
λ9 1.0150 0.0036
λ10 1.0365 0.0192
λ11 1.0045 0.0017
λ12 1.0026 0.0010
λ13 1.0062 0.0044
λ14 1.0129 0.0098
λ15 1.0071 0.0149

riâcijas matrica (3. pielikums). Apskatot ðo matricu varâm secinât, ka ðie faktori tieðâm

ir nekorelçti, jo visas matricas vçrtîbas izòemot galveno diagonâli ir nulles.

Ðî modeïa attîstîbas faktoru λ novçrtçjumi ir identiski chain-ladder attîstîbas fakto-

riem. Rezervju novçrtçjums arî pilnîgi sakrît ar chain-ladder novçrtçjumiem un tâtad arî

ar Puasona modeïa novçrtçjumiem, bet gan summârâ, gan notikuma perioda prognozes

kïûda, ir Normâlajâ modelî ir lielâka nekâ Puasona modelî.
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3.9. tabula Rezervju summas novçrtçjums ar chain-ladder Normâlo aproksimâciju

Notikuma Procesa Novçrtçjuma Prognozes Prognozes
periods Rezerves dispersija dispersija kïûda kïûda, %

1 0 - - - -
2 227 152222 230283 618 273%
3 1012 484798 834041 1148 113%
4 1731 756028 1508139 1505 87%
5 2049 825123 1762066 1608 79%
6 3167 1174472 3186255 2088 66%
7 5757 9953914 5070073 3876 67%
8 8820 13162981 8311035 4634 53%
9 12323 16338598 12380845 5359 43%
10 16405 19235620 15395925 5885 36%
11 17508 17880945 12665669 5527 32%
12 27131 22090034 18739058 6390 24%
13 39937 33989567 24711450 7662 19%
14 58621 44637186 31088669 8702 15%
15 92199 64286143 29746142 9697 11%

Summa 286887 244967631 1570886912 42613 15%

3.2.3. Maka modelis

Maka modeïa parametru λj un σ2
j novçrtçjumi aprçíinâti saskaòâ ar formulâm (1.2.24)

un (1.2.25) ir parâdîti 3.10. tabulâ

3.10. tabula Maka modelis; attîstîbas faktori un dispersijas komponentes

j λj σ2
j

2 1.427 136.88
3 1.107 34.60
4 1.071 51.92
5 1.044 2.36
6 1.023 3.83
7 1.021 8.42
8 1.013 2.72
9 1.015 5.40
10 1.036 124.06
11 1.005 0.88
12 1.003 0.16
13 1.006 2.70
14 1.013 9.47
15 1.007

Lîdzîgi, ka Normâlajâ modelî, nepietiek informâcijas, lai novçrtçtu pçdçjo dispersijas

komponenti σ2
15. Apskatîsim divus variantus: pirmais, kad pçdçjâ dispersijas komponente

tiek òemta σ2
15 = σ2

13 = 2.7, kâ piedâvâts [8] un otrais, kad σ2
15 = σ2

14 = 9.47. Rezervju
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3.11. tabula Rezervju summas novçrtçjums ar Maka modeli, σ2
15 = σ2

13

Notikuma Procesa Novçrtçjuma Prognozes Prognozes
periods Rezerves dispersija dispersija kïûda kïûda, %

1 0 - - - -
2 227 86757 115000 449 198%
3 1012 623166 731282 1164 115%
4 1731 998148 1362235 1536 89%
5 2049 1089491 1591898 1637 80%
6 3167 1545855 2887348 2106 66%
7 5757 12066033 4957048 4126 72%
8 8820 15931648 8136054 4906 56%
9 12323 19752251 12114260 5645 46%
10 16405 23154776 15071554 6183 38%
11 17508 21477403 12390202 5820 33%
12 27131 26494430 18332343 6695 25%
13 39937 39731833 24125803 7991 20%
14 58621 51553955 30321006 9048 15%
15 92199 72449666 28905733 10068 11%

Summa 286887 286955411 1502943859 42307 15%

3.12. tabula Rezervju summas novçrtçjums ar Maka modeli, σ2
15 = σ2

14

Notikuma Procesa Novçrtçjuma Prognozes Prognozes
periods Rezerves dispersija dispersija kïûda kïûda, %

1 - - - - -
2 227 304443 403551 841 371%
3 1012 969595 1462071 1559 154%
4 1731 1450683 2609232 2015 116%
5 2049 1577912 3044515 2150 105%
6 3167 2199738 5490875 2773 88%
7 5757 12647321 7014573 4434 77%
8 8820 16669061 11447242 5302 60%
9 12323 20648503 17005534 6136 50%
10 16405 24144732 21039075 6722 41%
11 17508 22371701 17260180 6295 36%
12 27131 27580128 25509952 7286 27%
13 39937 40933565 32919604 8594 22%
14 58621 52874299 40936399 9686 17%
15 92199 73669669 37968978 10566 11%

Summa 286887 298041353 2251297488 50491 18%

prognozes, kâ arî to prognozes kïûdas, ko iegûst pie viena vai otra pieòçmuma par σ15

vçrtîbu tiek parâdîtas 3.11. un 3.12. tabulâs. Salîdzinot ðîs divas tabulas, varâm secinât,

ka prognozes kïûdas novçrtçjumi, îpaði pirmo gadu rezultâti, ir ïoti jutîgi pret vienu

vienîgu parametru.

Maka modeïa rezervju novçrtçjumi kâ arî attîstîbas faktoru λ novçrtçjumi ir identiski

chain-ladder novçrtçjumiem. Normâlâjâ modelî izmantotie φj novçrtçjumi ir tuvi Maka

46



modeïa σ2
j novçrtçjumiem, arî prognozes kïûdas ir tuvas (îpaði kad tiek izvçlçta σ2

15 =

σ2
13). Faktiski atðíirîbas rodas tâpçc, ka Maka modelî σ2

j novçrtçjumi ir nenovirzîti, bet

Normâlajâ modelî biasa korekcija nav veikta. Novçrtçjot σ2
j bez biasa korekcijas, iegûst

φj identiskus novçrtçjumus [13].

3.2.4. Log-Normâlais modelis

Pielâgojot datiem log-Normâlo modeli ar chain-ladder tipa prediktoru, kurð dots ar

(1.2.7.), tiek iegûti parametru novçrtçjumi, kas parâdîti 3.13. tabulâ. No tiem iegûtas

rezervju summas prognozes un prognozes kïûdas ir parâdîtas 3.14. tabulâ.

3.13. tabula Log-Normâlâ modeïa parametru novçrtçjums

Parametra Standart-
novçrtçjums kïûda t-statistika p-vçrtîba

c 9.5319 0.3390 28.11 0.0000
α2 -0.3389 0.3286 -1.03 0.3050
α3 0.2315 0.3379 0.69 0.4951
α4 1.0760 0.3474 3.10 0.0026
α5 0.8276 0.3575 2.32 0.0229
α6 1.4320 0.3689 3.88 0.0002
α7 1.3898 0.3819 3.64 0.0005
α8 1.5498 0.3973 3.90 0.0002
α9 1.6566 0.4160 3.98 0.0001
α10 1.6576 0.4393 3.77 0.0003
α11 1.5270 0.4698 3.25 0.0016
α12 1.6581 0.5118 3.24 0.0017
α13 1.7976 0.5746 3.13 0.0024
α14 1.9325 0.6825 2.83 0.0057
α15 1.8664 0.9331 2.00 0.0485
β2 -0.8353 0.3286 -2.54 0.0127
β3 -1.8560 0.3379 -5.49 0.0000
β4 -2.1674 0.3474 -6.24 0.0000
β5 -2.6596 0.3575 -7.44 0.0000
β6 -3.2811 0.3689 -8.90 0.0000
β7 -3.5261 0.3819 -9.23 0.0000
β8 -4.5033 0.3973 -11.34 0.0000
β9 -3.7769 0.4160 -9.08 0.0000
β10 -4.1163 0.4393 -9.37 0.0000
β11 -5.0490 0.4698 -10.75 0.0000
β12 -5.7015 0.5118 -11.14 0.0000
β13 -4.4824 0.5746 -7.80 0.0000
β14 -4.1103 0.6825 -6.02 0.0000
β15 -4.3902 0.9331 -4.71 0.0000
sigma2 0.7558
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3.14. tabula: Rezervju summas novçrtçjums ar log-Normâlo modeli (vidçjâs vçrtîbas no-
vçrtçjums)

Notikuma Prognozes Prognozes
periods Rezerves kïûda kïûda, %

1 0 - -
2 199 400 201%
3 819 1029 126%
4 2663 2682 101%
5 2259 2143 95%
6 4764 4112 86%
7 6090 4606 76%
8 9677 6692 69%
9 12199 8108 66%
10 15957 10339 65%
11 18320 11954 65%
12 30248 21252 70%
13 53353 42014 79%
14 94393 87041 92%
15 200560 283299 141%

Summa 451501 305346 68%

3.15. tabula: Rezervju summas novçrtçjums ar log-Normâlo modeli (mediânas novçrtç-
jums)

Notikuma Prognozes Prognozes
periods Rezerves kïûda kïûda, %

1 0 - -
2 122 245 201%
3 501 629 126%
4 1622 1634 101%
5 1371 1301 95%
6 2880 2485 86%
7 3663 2771 76%
8 5786 4002 69%
9 7239 4811 66%
10 9375 6074 65%
11 10615 6927 65%
12 17169 12062 70%
13 29268 23047 79%
14 48385 44617 92%
15 83965 118604 141%

Summa 221960 132706 60%

Lai aprçíinâtu notikuma perioda un summâro rezervju prognozes kïûdas saskaòâ ar

formulâm (1.2.29) un (1.2.30) ir jâaprçíinâ variâcijas-kovariâcijas matricu σ2Xf (X
TX)−1XT

f ,

kur σ2 ir modeïa dispersija un ir atkarîga no datiem, Xf ir nâkotnes vçrtîbu dizaina matri-

ca, (XTX)−1 ir modeïa informâcijas matrica un X ir dizaina matrica [14].

No 3.14. tabulas ir skaidrs, ka sagaidâmo atlîdzîbu rezervju novçrtçjums, ko dod
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3.16. tabula Gamma modeïa parametru novçrtçjums

Parametra Standart-
novçrtçjums kïûda t-statistika p-vçrtîba

c 9.4944 0.2385 39.81 0.0000
α2 -0.0228 0.2311 -0.10 0.9216
α3 0.4134 0.2377 1.74 0.0854
α4 0.9825 0.2443 4.02 0.0001
α5 0.9377 0.2515 3.73 0.0003
α6 1.5317 0.2595 5.90 0.0000
α7 1.3495 0.2686 5.02 0.0000
α8 1.5004 0.2795 5.37 0.0000
α9 1.6653 0.2926 5.69 0.0000
α10 1.6858 0.3091 5.46 0.0000
α11 1.5458 0.3305 4.68 0.0000
α12 1.6902 0.3600 4.70 0.0000
α13 1.8334 0.4042 4.54 0.0000
α14 1.9671 0.4801 4.10 0.0001
α15 1.9039 0.6564 2.90 0.0047
β2 -0.8290 0.2311 -3.59 0.0005
β3 -1.8440 0.2377 -7.76 0.0000
β4 -2.0799 0.2443 -8.51 0.0000
β5 -2.6629 0.2515 -10.59 0.0000
β6 -3.2008 0.2595 -12.34 0.0000
β7 -3.3771 0.2686 -12.57 0.0000
β8 -3.9442 0.2795 -14.11 0.0000
β9 -3.5104 0.2926 -12.00 0.0000
β10 -3.2608 0.3091 -10.55 0.0000
β11 -4.5918 0.3305 -13.89 0.0000
β12 -5.2492 0.3600 -14.58 0.0000
β13 -4.1218 0.4042 -10.20 0.0000
β14 -3.6093 0.4801 -7.52 0.0000
β15 -4.3528 0.6564 -6.63 0.0000
φ 0.3740

log-Normâlais modelis ir tâls no chain-ladder novçrtçjuma, tas pats ir arî ar prognozes

kïûdu, kura pat procentuâli ir vairakkârt lielâka nekâ tâs ko ieguvâm ar iepriekð apskatî-

tajiem modeïiem. Tas ir izraisîts ar to, ka vienâdojumâ (1.2.28) tiek iekïauta dispersijas

komponente, kura var dot nozîmîgu efektu, ja novçrojumi ir stipri izkliedçti.

Salîdzinâjumam 3.15. tabulâ ir parâdîti rezervju mediânas novçrtçjuma rezultâts (kas

neiekïauj dispersijas komponenti izteiksmç priekð Ĉij (1.2.28). Ðis rezervju novçrtçjums ir

jau tuvâk chain-ladder novçrtçjumam, kaut gan prognozes kïûda procentuâli ir joprojâm

liela.
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3.17. tabula Rezervju summas novçrtçjums ar Gamma modeli

Notikuma Prognozes Prognozes
periods Rezerves kïûda kïûda, %

1 0 - -
2 167 150 90%
3 802 494 62%
4 1993 1008 51%
5 2084 994 48%
6 4397 1923 44%
7 5629 2281 41%
8 8326 3172 38%
9 11179 4148 37%
10 13859 5098 37%
11 14588 5464 37%
12 21875 8704 40%
13 35626 15856 45%
14 55750 28682 51%
15 91254 64184 70%

Summa 267529 76828 29%

3.2.5. Gamma modelis

Pielâgojot datiem Gamma modeli, kurð definçts 1.2.8. apakðnodaïâ, tiek iegûti para-

metru novçrtçjumi, kas parâdîti 3.16. tabulâ. No tiem iegûtie rezervju summas prognozes

un prognozes kïûdas ir parâdîtas 3.17. tabulâ. Ievçrosim, ka sagaidâmas rezerves ir tu-

vas, bet ne identiskas chain-ladder rezervçm, bet prognozes kïûdas ir daudz lielâkâs nekâ

virs-izkliedçta Puasona modelî. Bûtîbâ relatîvi lielâki svari tika uzlikti uz mazâkâm pie-

augumu vçrtîbâm un mazâki uz lielâkâm pieaugumu vçrtîbâm, izraisot lielâku svaru uz

astes, kurð ir vairâk izkliedçts.

3.3. IBNR atlîdzîbu rezervju aprçíinâðana ar but-

strapa metodi

Lai novçrtçtu rezervju prognozes kïûdu ar butstrapa metodi ir jâveic sekojoði soïi:

1. novçrtçt modeïa parametrus c, αi, βj, i, j = 1, ..., n un φ;

2. aprçíinât pielâgotâs vçrtîbas µ̂ij, i = 1, ..., n un j = 1, ..., n− i+ 1;

3. aprçíinât atlikumus rij = f(Cij, µ̂ij);
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4. prognozçt Ĉij, R̂i, R̂, i = 2, ..., n, j = n− i+ 2, ..., n ar sâkotnçjiem datiem;

5. atkârtot butstrapa cilpu B reizes (ðeit tiek òemts B = 10000):

• pârkârtot 3. solî iegûtus atlikums, iegûstot butstrapotus atlikumus r∗ij;

• izveidot pseido-datus C∗ij, atrisinot r
∗
ij = f(C∗ij, µ̂ij);

• novçrtçt modeli ar pseido-datiem, iegût butstrapa prognozes Ĉ∗ij, R̂
∗
i , R̂

∗ un

saglabât tos.

Butstrapa prognozes kïûda tiek atrasta pçc formulas (2.3.1). Ticamîbas intervâla augðçjâ

robeþa tiek aprçíinâta, aproksimçjot rezervju sadalîjumu ar Normâlo sadalîjumu ar mate-

mâtisko cerîbu vienâdu ar sâkotnçjo prognozi (ar oriìinâliem datiem) un standartnovirzi

vienâdu ar prognozes standartkïûdu.

Apskatîsim modeli ar virs-izkliedçto Puasona datu sadalîjumu, lai definçtu atlikumus.

Ðîm modelim ir tâ priekðrocîba, ka attiecîgais vispârinâtais lineârais modelis ìenerç tos

paðus novçrtçjumus kâ chain-ladder metode, tâpçc veicot butstrapa procedûru, rezervju

novçrtçjums katrai uzìenerçtai pseido-datu kopai var tikt iegûts ar chain-ladder metodi.

Turpretim otram apskatîtam Gamma modelim butstrapa procedûras realizâcija ir sareþ-

ìîtâka, jo katrâ butstrapa \iterâcijâ" ir nepiecieðams novçrtçt Gamma vispârinâto lineâro

modeli.

3.18. tabulâ ir parâdîtas virs-izkliedçta Puasona modeïa rezervju prognozes, rezervju

vidçjâs vçrtîbas butstrapa novçrtçjums, prognozes kïûda un 95% Normâlâ ticamîbas in-

tervâla augðçjâ robeþa. 3.1. attçlâ tiek parâdîta ar butstrapa procedûru iegûto summâro

rezervju histogramma.

Tâ kâ pieejami dati kombinâcijâ ar modelî izmantotu lineâro struktûru noved pie

daþiem atlikumiem, kuri ir vienâdi ar 0 (tipiski C1,n = µ̂1,n un Cn,1 = µ̂n,1), ðie atlikumi

nav jâòem vçrâ, kâ gadîjuma lieluma realizâciju un tâtad tos nav jâòem vçrâ butstrapa

procedûrâ [15]. 3.19. tabulâ tiek parâdîti rezervju butstrapa novçrtçjumi virs-izkliedçta

Puasona modelim, izmantojot koriìçtus atlikumus. Salîdzinot rezultâtus ar atlikumu

korekciju un bez korekcijas, redzam, ka atðíirîbas rezultâtos ir ïoti mazas.

3.20. tabulâ ir parâdîtas Gamma modeïa rezervju prognozes, rezervju vidçjâs vçrtî-

bas butstrapa novçrtçjums, prognozes kïûda un 95% Normâlâ ticamîbas intervâla augðçjâ
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3.18. tabula Rezervju butstrapa novçrtçjums, Puasona modelis

Notikuma Chain-ladder Butstrapa rezerves Prognozes 95% tic. int.
periods rezerves vidçjâ vçrtîba kïûda augðçjâ robeþa

1 - - - -
2 227 232 492 1192
3 1012 1026 1048 3067
4 1731 1742 1421 4516
5 2049 2060 1555 5097
6 3167 3171 2041 7166
7 5757 5766 2296 10257
8 8820 8831 2920 14542
9 12323 12334 3542 19266
10 16405 16420 4050 24343
11 17508 17520 4000 25347
12 27131 27123 5013 36957
13 39937 39908 6093 51879
14 58621 58562 7525 73371
15 92199 92128 10229 112247

Summa 286887 286821 33381 352311

3.19. tabula Rezervju butstrapa novçrtçjums, Puasona modelis ar korekciju

Notikuma Chain-ladder Butstrapa rezerves Prognozes 95% tic. int.
periods rezerves vidçjâ vçrtîba kïûda augðçjâ robeþa

1 - - - -
2 227 225 497 1201
3 1012 1007 1055 3079
4 1731 1724 1419 4513
5 2049 2036 1547 5081
6 3167 3150 2038 7162
7 5757 5741 2287 10239
8 8820 8796 2909 14521
9 12323 12301 3531 19244
10 16405 16362 4051 24345
11 17508 17459 3985 25319
12 27131 27075 5023 36977
13 39937 39875 6147 51985
14 58621 58538 7521 73362
15 92199 92090 10317 112421

Summa 286887 286380 33392 352335

robeþa. 3.3. attçlâ tiek parâdîta ar butstrapa procedûru iegûto summâro rezervju histo-

gramma.

Gamma modelis parasti dod mazâkus rezervju novçrtçjumus nekâ Puasona modelis,

bet ðî atðíirîba nav liela. Tomçr ðo divu modeïu prognozes standartkïûdas atðíiras un

tâpçc arî intervâla augðçjâs robeþas atðíiras. Kopumâ ar butstrapa metodi iegûtas prog-

nozes kïûdas abiem modeïiem ir ïoti tuvas tam, ko ieguvâm ar analîtiskajâm metodçm.
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3.1. att.: Summâro rezervju histogramma,
Puasona modelis bez korekcijas
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3.2. att.: Summâro rezervju histogramma,
Puasona modelis ar korekciju

3.20. tabula Rezervju butstrapa novçrtçjums, Gamma modelis

Notikuma Gamma modeïa Butstrapa rezerves Prognozes 95% tic. int.
periods rezerves vidçjâ vçrtîba kïûda augðçjâ robeþa

1 - - - -
2 167 170 115 315
3 802 818 344 1244
4 1993 2030 725 2922
5 2084 2117 731 3020
6 4397 4458 1438 6240
7 5629 5695 1624 7710
8 8326 8452 2354 11343
9 11179 11338 3240 15332
10 13859 14057 4159 19190
11 14588 14751 4564 20437
12 21875 22094 7404 31363
13 35626 35802 13663 53136
14 55750 56478 26047 89130
15 91254 94410 66445 176406

Summa 267529 272671 76788 365936

3.4. Modeïu pârbaude

Parasti praksç tiek konstruçti standartizçtie atlikumi pret modeïa pielâgotajam vçrtî-

bâm, pret attîstîbas periodu un notikuma periodu.

3.4., 3.5. un 3.10. attçlos tiek parâdîti ðie grafiki Puasona sadalîjumam. 3.6., 3.7.

un 3.11. attçlos tiek parâdîti attiecîgie grafiki Gamma sadalîjumam un 3.8., 3.9. un

3.12. attçlos - log-Normâlajam sadalîjumam. Kâ arî 3.13., 3.14. un 3.15. attçlos tiek
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3.3. att. Summâro rezervju histogramma, Gamma modelis
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3.4. att.: Pîrsona atlikumi pret attîstîbas pe-
riodu; virs-izkliedçts Puasona modelis
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3.5. att.: Pîrsona atlikumi pret notikuma pe-
riodu; virs-izkliedçts Puasona modelis

parâdîtas ðo triju sadalîjumu autokorelâciju funkcijas, pçc kurâm var noteikt, ja atlikumi

ir atkarîgi. [4] norâdîts, ka ja aptuveni 95% punktu standartizçto atlikumu pret notikuma

vai attîstîbas periodu atrodas robeþâs 0±2, tad modelçðana ir veiksmîga. Mûsu gadîjumâ

atlikumi apmierina ðo nosacîjumu. Bet apskatot standartizçtus atlikumus pret pielâgotâm

vçrtîbâm, redzam, ka tie nav vienâdi sadalîti, grafiki râda heteroskedastisitâtes klâtbûtni.
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3.6. att.: Pîrsona atlikumi pret attîstîbas pe-
riodu; Gamma modelis
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3.7. att.: Pîrsona atlikumi pret notikuma pe-
riodu; Gamma modelis
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3.8. att.: Pîrsona atlikumi pret attîstîbas pe-
riodu; log-Normâlais modelis
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3.9. att.: Pîrsona atlikumi pret notikuma pe-
riodu; log-Normâlais modelis
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3.10. att.: Pîrsona atlikumi pret pielâgotâm
vçrtîbâm Ĉij; virs-izkliedçts Puasona mode-
lis
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3.11. att.: Pîrsona atlikumi pret pielâgotâm
vçrtîbâm Ĉij; Gamma modelis
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3.12. att. Pîrsona atlikumi pret pielâgotâm vçrtîbâm ln Ĉij; log-Normâlais modelis
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3.13. att.: Pîrsona atlikumu ACF; virs-
izkliedçts Puasona modelis
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Secinâjumi

Darbâ tika apskatîtas IBNR rezervju aprçíinâðana un prognozes kïûdas noteikðana

ar virs-izkliedçto Puasona, Normâlo, Gamma, log-Normâlo un Maka modeli. Ðie modeïi

tika aplûkoti vispârinâtâ lineârâ modeïa teorijas ietvaros, kura dod iespçju iegût modeïu

parametru novçrtçjumus, novçrtçjumu kïûdas un definçt atlikumus, modeïa atbilstîbas

pârbaudei. Otrâ apskatîtâ metode ir butstrapa datu pârkârtoðanas metode, kura dod ie-

spçju novçrtçt pilnu rezervju prognozes sadalîjumu. Tika secinâts, ka ar butstrapa metodi

tiek iegûti prognozes standartkïûdu novçrtçjumi ïoti tuvu tiem, ko iegûst ar analîtiskâm

tuvinâtâm izteiksmçm. Kâ arî uzreiz tiek iegûts pilns prognozes sadalîjums, no kâ var

novçrtçt nepiecieðamus sadalîjuma raksturlielumus.

Izòemot Maka un Normâlâs aproksimâcijas modeli, pârçjiem apskatîtiem modeïiem

ir vienâda lineâra prediktora struktûra, tâda, ko 1982. gadâ piedâvâja Kremers [16].

Ðie modeïi atðíîrâs ar pieòçmumu par kïûdu sadalîjumu, izvçle bija starp virs-izkliedçto

Puasona, log-Normâlo un Gamma sadalîjumu.

Puasona modelis, pie daþiem pieòçmumiem, dod ar chain-ladder identiskus rezervju

novçrtçjumus. Arî Maka un Normâlais modelis dod tâdus paðus kâ chain-ladder metode

rezervju novçrtçjumus, bet log-Normâlais un Gamma modeïi dod chain-ladder tuvus, bet

ne identiskus rezervju prognozes.

Taèu lielâku interesi izraisa rezervju novçrtçjuma prognozes kïûdas, nevis paði novçrtç-

jumi. Modeïiem, kuros tiek izdarîti pieòçmumi par sadalîjumu, prognozes kïûdas var tikt

iegûtas gan analîtiski, gan ar rezidiju butstrapa metodi. Rezidiju butstrapa procedûra

tika apskatîta tikai Puasona un Gamma modelim. Bet tâ kâ atlikumi tiek definçti arî

log-Normâlajam modelim, tad arî ðî sadalîjuma gadîjumâ prognozes kïûdu var iegût ar

butstrapa metodi.

Izdarot pietiekoði daudz butstrapa \iterâciju" (10 000) butstrapa rezervju novçrtçjumi

un prognozes kïûdas praktiski sakrita ar tiem, ko ieguvâm analîtiski. Taèu salîdzinot

prognozes kïûdu novçrtçjumu ar daþâdiem modeïiem atðíirîbas var bût bûtiskas, tâpçc ir

jâbût ïoti uzmanîgiem izdarot secinâjumus no iegûtajiem rezultâtiem. Turpmâkâ analîze

ir nepiecieðama, lai pamatotu konkrçtu atlikumu sadalîjuma veidu izmantoðanu.
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2. Rezervju aprçíins ar chain-ladder metodi
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3. Attîstîbas faktoru λ kovariâcijas matrica
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A Izveidoto programmu kods

A1. Virs-izkliedçts Puasona modelis

data <- read.table("data",header=F)

data <- as.matrix(data)

claims <- as.vector(data)

n.origin <- nrow(data)

n.dev <- ncol(data)

origin <- factor(row <- rep(1:n.origin, n.dev))

dev <- factor(col <- rep(1:n.dev, each=n.origin))

data.cumul<-matrix(NA, nrow(data), ncol(data))

for (i in 1:n.origin) {

for (j in 1:n.dev) {

data.cumul[i,j]<-sum(data[i,1:j])

}}

claims.cumul <- as.vector(data.cumul)

claim.data <- data.frame(claims=claims, origin=origin, dev=dev)

quasipoisson <- function (link = "log")

{ linktemp <- substitute(link)

if (!is.character(linktemp)) {

linktemp <- deparse(linktemp)

if (linktemp == "link")

linktemp <- eval(link)

}

if (any(linktemp == c("log", "identity", "sqrt")))

stats <- make.link(linktemp)

else stop(paste(linktemp, "link not available for poisson",

"family; available links are", "\"identity\", \"log\" and

\"sqrt\""))

variance <- function(mu) mu

validmu <- function(mu) all(mu > 0)

dev.resids <- function(y, mu, wt) wt*(y-mu)^2/mu ###

aic <- function(y, n, mu, wt, dev) NA

initialize <- expression({

n <- rep(1, nobs)

mustart <- rep(mean(y), length(y)) ###

})

structure(list(family = "quasipoisson", link = linktemp,

linkfun = stats$linkfun, linkinv = stats$linkinv, variance =

variance,

dev.resids = dev.resids, aic = aic, mu.eta = stats$mu.eta,

initialize = initialize, validmu = validmu, valideta =

stats$valideta),

class = "family")

}

model <- glm(claims ~ origin + dev, family = quasipoisson(),subset=!is.na(claims), data=claim.data)

summary(model)

coef <- model$coefficients # Get coefficients

disp <- summary(model)$dispersion

cov.param <- disp * summary(model)$cov.unscaled

n.fut.points <- length(claims[is.na(claims)])

fut.design <- matrix(0, nrow = n.fut.points, ncol=length(coef))

fut.points <- claims

fut.points[!is.na(claims)] <- 0

64



fut.points[is.na(claims)] <- 1:n.fut.points

for(p in 1:n.fut.points){

fut.design[p, 1] <- 1

fut.design[p, 1 +as.numeric(origin[match(p, fut.points)]) - 1] <- 1

fut.design[p, 1 + (n.origin-1) +as.numeric(dev[match(p, fut.points)]) - 1] <- 1

}

fitted.values <- diag(as.vector(exp(fut.design %*% coef)))

total.reserve <- sum(fitted.values)

data.fitted <-data

AccY.reserve <- c(rep(0,n.origin))

for (i in 1:n.origin) {

for (j in 1:n.dev) {

if(!is.na(data[i,j])) {data.fitted[i,j]<-data[i,j]}

else {data.fitted[i,j]<- exp(coef[1]+coef[i]+coef[n.origin+j-1])

AccY.reserve[i]<- AccY.reserve[i]+ data.fitted[i,j]

} }}

cov.pred <- fut.design %*% cov.param %*% t(fut.design)

cov.fitted <- fitted.values %*% cov.pred %*% fitted.values

total.rmse <- sqrt(disp*total.reserve+sum(cov.fitted))

total.predictionerror <- round(100*total.rmse/total.reserve)

cov.index<-matrix(0, nrow = n.dev, ncol=n.origin)

cov.index[2,1]<-n.fut.points-n.origin+2

for (i in 3:n.origin) {

cov.index[i,1]<-n.fut.points-n.origin+i

x<-cov.index[i,1]

for (k in 3:i-1) {

x<-x-(n.dev-k+1)

cov.index[i,k]<-x

x<-cov.index[i,k]

}}

AccY.rmse <- c(rep(0,n.origin))

AccY.rmse.fun <- function(i) { sqrt(disp*AccY.reserve[i]+sum(cov.fitted[cov.index[i,],cov.index[i,]])) }

AccY.rmse <- sapply(2:n.origin,AccY.rmse.fun)

AccY.predictionerror <- c(rep(0,n.origin))

AccY.predictionerror <- round(100*AccY.rmse[1:(n.origin-1)]/AccY.reserve[2:n.origin])

Poisson.model.result<- data.frame(row.names =c(paste("Year", 1:n.origin, sep = ""),"Overall"),

Reserve=c(round(AccY.reserve),round(total.reserve)), Prediction.error=c("-",round(AccY.rmse),round(total.rmse)),

Prediction.error.percent=c("-",AccY.predictionerror,total.predictionerror))

A2. Butstraps Puasona modelim

data <- read.table("data.txt",header=F)

data <- as.matrix(data)

data

claims <- as.vector(data)

n.origin <- nrow(data)

n.dev <- ncol(data)

origin <- factor(row <- rep(1:n.origin, n.dev))

dev <- factor(col <- rep(0:(n.dev-1), each=n.origin))

delay<-factor(col <- rep(1:(n.dev), each=n.origin))

data.cumul.fun <- function(dati) {

data.cumul<-matrix(NA, nrow(data), ncol(data))

for (i in 1:n.origin) {

for (j in 1:n.dev) {

data.cumul[i,j]<-sum(dati[i,1:j])

}

}

return(data.cumul)

}

cl.lambda.fun <- function(dati.cumuleti) {

cl.lambda<-c(rep(0,n.origin))

for (j in 2:n.dev) {

cl.lambda[j]<-sum(dati.cumuleti[1:(n.origin-j+1),j])/sum(dati.cumuleti[1:(n.origin-j+1),j-1])

}

return(cl.lambda)
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}

Chain.ladder.reserve <- function(dati) {

data.cumul <- data.cumul.fun(dati)

cl.lambda<- cl.lambda.fun(data.cumul)

Ult.claim<-c(rep(0,n.origin))

Ult.claim[1]<-data.cumul[1,n.dev]

for (i in 2:n.origin) {

Ult.claim[i]<-data.cumul[i,n.dev-i+1]

for (j in (n.dev-i+2):n.dev) {

Ult.claim[i]<-Ult.claim[i]*cl.lambda[j]

}

}

Ult.claim

AccY.reserve<-c(rep(0,n.origin))

AccY.reserve[1:n.origin]<-Ult.claim[1:n.origin]-diag(data.cumul[1:n.origin,n.dev-(1:n.origin)+1])[1:n.origin]

return(AccY.reserve)

}

data.cumul<-data.cumul.fun(data)

claims.cumul <- as.vector(data.cumul)

cl.lambda<- cl.lambda.fun(data.cumul)

cl.AccY.reserve<-Chain.ladder.reserve(data)

cl.total.reserve<-sum(cl.AccY.reserve)

cl.AccY.reserve # Reserve for each origin year

cl.total.reserve # Overall reserve

cl.reserve<-c(cl.AccY.reserve[2:n.origin],cl.total.reserve)

#

D.fit <- data.cumul

D.fit[,] <- NA

for (i in 1:n.origin) {

for (j in n.dev:1) {

D.fit[i,n.dev-i+1] <- data.cumul[i,n.dev-i+1]

D.fit[i,j-1] <- D.fit[i,j]/cl.lambda[j]

}}

D.fit

C.fit <- D.fit

C.fit[,1] <- D.fit[,1]

C.fit[,2:n.dev] <- D.fit[,2:n.dev]-D.fit[,(2:n.dev)-1]

C.fit

D.fut<-matrix(NA, nrow(data), ncol(data))

C.fut<-matrix(NA, nrow(data), ncol(data))

for (i in 2:n.origin) {

D.fut[i,n.dev-i+1] <- data.cumul[i,n.dev-i+1]

for (j in (n.dev-i+2):n.dev) {

D.fut[i,j]<-D.fut[i,j-1]*cl.lambda[j]

}

}

C.fut<-D.fut

C.fut[,1]<-D.fut[,1]

C.fut[,2:n.dev]<-D.fut[,2:n.dev]-D.fut[,(2:n.dev)-1]

C.fut[i,n.dev-i+1]<-NA

res.P <- C.fit # C.fit := m_i,j

res.P <- (data-C.fit)/sqrt(C.fit)

Phi <- sum(res.P[!is.na(res.P)]^2)/(0.5*n.origin*(n.origin+1)-2*n.origin+1)

res.P.scaled <- res.P/sqrt(Phi)

rezidiju.scaled.data <- data.frame(res.P.scaled.vec=as.vector(res.P.scaled), origin=origin, delay=delay)

rezidiju.scaled.data

acf(rezidiju.scaled.data$res.P.scaled[!is.na(rezidiju.scaled.data$res.P.scaled)],

main="", xlab="",ylab="")

plot(rezidiju.scaled.data$delay,rezidiju.scaled.data$res.P.scaled.vec,type= "p",axes=F)

axis(1, axTicks(1),format(axTicks(1), scientific = F))

axis(2, axTicks(2),format(axTicks(2), scientific = F))

plot(rezidiju.scaled.data$origin,rezidiju.scaled.data$res.P.scaled.vec,type= "p",axes=F)

axis(1, axTicks(1),format(axTicks(1), scientific = F))

axis(2, axTicks(2),format(axTicks(2), scientific = F))

plot(C.fit,res.P.scaled,type="p",axes=F,xlab="",ylab="")

axis(1, axTicks(1),format(axTicks(1), scientific = F))

axis(2, axTicks(2),format(axTicks(2), scientific = F))

Bootstrap1 <- function (b) {

res.P.but<-sample(dati,replace=T,size=0.5*n.origin*(n.origin+1))

C.but <-res.P.but*sqrt(C.fit[!is.na(C.fit)])+C.fit[!is.na(C.fit)]

pseudo.C<-C.fit

k<-1

for (j in 1:n.dev) {
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for (i in 1:(n.origin-j+1)) {

pseudo.C[i,j]<-C.but[k]

k<-k+1

} }

AccY.reserve.b <- Chain.ladder.reserve(pseudo.C)

total.reserve.b<-sum(AccY.reserve.b)

bootstrap1.sim<-c(AccY.reserve.b[2:n.origin],total.reserve.b)

return(bootstrap1.sim)

}

dati<-res.P[!is.na(res.P)]

B<-10000

bootstrap1.sim <- lapply (1:B, Bootstrap1)

AccY.reserve.sim<-sapply(1:n.origin, function(i) { sapply(1:B,function(b) {bootstrap1.sim[[b]][i]})})

mean.boot.reserves<-sapply(1:n.origin, function(i) {mean(AccY.reserve.sim[,i])} )

se.boot.reserves<-sapply(1:n.origin, function(i) { sqrt((sum((AccY.reserve.sim[,i]-cl.reserve[i])^2))/B) } )

sep.boot.reserves<-sqrt( Phi*cl.reserve + 0.5*n.origin*(n.origin+1)/

(0.5*n.origin*(n.origin+1)-2*n.origin+1)* se.boot.reserves^2 )

conf.int.fun <- function(a,s,n,p) {

error <- qnorm((1+p)/2)*s/sqrt(n)

left <- a-error

right <- a+error

return(c(left,right))

}

conf.int <- sapply(1:n.origin, function(i) {conf.int.fun(cl.reserve[i],sep.boot.reserves[i],1,0.95)} )

Bootstrap.result1<- data.frame( row.names =c(paste("Year", 1:n.origin, sep = ""),"Overall"),

Reserve=c("-",round(cl.reserve)), Bootstrap.mean.reserve=c("-",round(mean.boot.reserves)),

Prediction.error=c("-",round(sep.boot.reserves)), upper.95=c("-",round(conf.int[2,])) )

Bootstrap.result1

hist.fun <- function(dati,data.title) {

n<-length(dati)

d.sd<-sd(dati)

h<-3.49*d.sd*n^(-1/3)

m<-round((max(dati)-min(dati))/h)

xx<-seq(min(dati),max(dati),len=m)

hist(dati,breaks=xx,prob=F,xlab="",ylab="",main="",axes=F)

axis(1, axTicks(1),format(axTicks(1), scientific = F))

axis(2, axTicks(2),format(axTicks(2), scientific = F))

}

hist.fun(AccY.reserve.sim[,n.origin],"Summârâ rezerve")

#

res.P[1,n.dev] <- NA

res.P[n.origin,1] <- NA

dati<-res.P[!is.na(res.P)]

B<-10000

bootstrap1.sim <- lapply (1:B, Bootstrap1)

AccY.reserve.sim<-sapply(1:n.origin, function(i) { sapply(1:B,function(b) {bootstrap1.sim[[b]][i]})})

mean.boot.reserves<-sapply(1:n.origin, function(i) {mean(AccY.reserve.sim[,i])} )

se.boot.reserves<-sapply(1:n.origin, function(i) { sqrt((sum((AccY.reserve.sim[,i]-cl.reserve[i])^2))/B) } )

sep.boot.reserves<-sqrt( Phi*cl.reserve + 0.5*n.origin*(n.origin+1)/

(0.5*n.origin*(n.origin+1) - 2*n.origin+1) * se.boot.reserves^2 )

conf.int.fun <- function(a,s,n,p) {

error <- qnorm((1+p)/2)*s/sqrt(n)

left <- a-error

right <- a+error

return(c(left,right))

}

conf.int <- sapply(1:n.origin, function(i) {conf.int.fun(cl.reserve[i],sep.boot.reserves[i],1,0.95)} )

Bootstrap.result2<- data.frame( row.names =c(paste("Year", 1:n.origin, sep = ""),"Overall"),

Reserve=c("-",round(cl.reserve)), Bootstrap.mean.reserve=c("-",round(mean.boot.reserves)),

Prediction.error=c("-",round(sep.boot.reserves)), upper.95=c("-",round(conf.int[2,])) )

Bootstrap.result2

hist.fun(AccY.reserve.sim[,n.origin],"Summârâ rezerve")
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A3. Gamma vispârinâtais lineârais modelis un but-

straps

data <- read.table("data",header=F)

data

data <- as.matrix(data)

claims <- as.vector(data)

n.origin <- nrow(data)

n.dev <- ncol(data)

origin <- factor(row <- rep(1:n.origin, n.dev))

dev <- factor(col <- rep(1:n.dev, each=n.origin))

claim.data <- data.frame(claims=claims, origin=origin, dev=dev)

head(claim.data)

Gamma<-function (link = "inverse")

{

linktemp <- substitute(link)

if (!is.character(linktemp)) {

linktemp <- deparse(linktemp)

if (linktemp == "link") {

warning("use of Gamma(link=link) is deprecated\n",

domain = NA)

linktemp <- eval(link)

if (!is.character(linktemp) || length(linktemp) !=

1)

stop("'link' is invalid", domain = NA)

}

}

okLinks <- c("inverse", "log", "identity")

if (linktemp %in% okLinks)

stats <- make.link(linktemp)

else if (is.character(link))

stats <- make.link(link)

else {

if (inherits(link, "link-glm")) {

stats <- link

if (!is.null(stats$name))

linktemp <- stats$name

}

else {

stop(gettextf("link \"%s\" not available for gamma family; available links are %s",

linktemp, paste(sQuote(okLinks), collapse = ", ")),

domain = NA)

}

}

variance <- function(mu) mu^2

validmu <- function(mu) all(mu > 0)

dev.resids <- function(y, mu, wt) wt*(y-mu)^2/(mu^2)

aic <- function(y, n, mu, wt, dev) {

n <- sum(wt)

disp <- dev/n

-2 * sum(dgamma(y, 1/disp, scale = mu * disp, log = TRUE) *

wt) + 2

}

initialize <- expression({

n <- rep.int(1, nobs)

mustart <- rep(mean(y), length(y))

})

simfun <- function(object, nsim) {

wts <- object$prior.weights

if (any(wts != 1))

message("using weights as shape paraneters")

ftd <- fitted(object)

shape <- MASS::gamma.shape(object)$alpha * wts

rgamma(nsim * length(ftd), shape = shape, rate = shape/ftd)

}

structure(list(family = "Gamma", link = linktemp, linkfun = stats$linkfun,

linkinv = stats$linkinv, variance = variance, dev.resids = dev.resids,

aic = aic, mu.eta = stats$mu.eta, initialize = initialize,
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validmu = validmu, valideta = stats$valideta, simulate = simfun),

class = "family")

}

# Fit model

model <- glm(claims ~ origin + dev, family = Gamma(link = "log"),subset=!is.na(claims), data=claim.data)

summary(model)

# Extract useful info from the model

coef <- model$coefficients # Get coefficients

disp <- summary(model)$dispersion # Get dispersion parameter

cov.param <- disp * summary(model)$cov.unscaled # Get covariance matrix of parameters

cc<-coef[1]

alpha<-c(0,coef[2:n.origin])

beta<-c(0,coef[(n.origin+1):(2*n.origin-1)])

n.fut.points <- length(claims[is.na(claims)])

fut.design <- matrix(0, nrow = n.fut.points, ncol=length(coef))

fut.points <- claims

fut.points[!is.na(claims)] <- 0

fut.points[is.na(claims)] <- 1:n.fut.points

for(p in 1:n.fut.points){

fut.design[p, 1] <- 1

fut.design[p, 1 +

as.numeric(origin[match(p, fut.points)]) - 1] <- 1

fut.design[p, 1 + (n.origin-1) +

as.numeric(dev[match(p, fut.points)]) - 1] <- 1

}

fitted.values <- diag(as.vector(exp(fut.design %*% coef)))

total.reserve <- sum(fitted.values)

total.reserve2 <- sum(fitted.values^2)

data.fitted <-data

AccY.reserve <- c(rep(0,n.origin))

AccY.reserve2 <- c(rep(0,n.origin))

for (i in 1:n.origin) {

for (j in 1:n.dev) {

if(!is.na(data[i,j])) {data.fitted[i,j]<-data[i,j]}

else {data.fitted[i,j]<- exp(coef[1]+coef[i]+coef[n.origin+j-1])

AccY.reserve[i]<- AccY.reserve[i]+ data.fitted[i,j]

AccY.reserve2[i]<- AccY.reserve2[i]+ data.fitted[i,j]^2

}

}

}

cov.pred <- fut.design %*% cov.param %*% t(fut.design)

cov.fitted <- fitted.values %*% cov.pred %*% fitted.values

total.rmse <- sqrt(disp*total.reserve2+sum(cov.fitted))

total.predictionerror <- round(100*total.rmse/total.reserve) #

cov.index<-matrix(0, nrow = n.dev, ncol=n.origin)

cov.index[2,1]<-n.fut.points-n.origin+2

for (i in 3:n.origin) {

cov.index[i,1]<-n.fut.points-n.origin+i

x<-cov.index[i,1]

for (k in 3:i-1) {

x<-x-(n.dev-k+1)

cov.index[i,k]<-x

x<-cov.index[i,k]

}

}

AccY.rmse <- c(rep(0,n.origin))

AccY.rmse.fun <- function(i) { sqrt(disp*AccY.reserve2[i]+sum(cov.fitted[cov.index[i,],cov.index[i,]])) }

AccY.rmse <- sapply(2:n.origin,AccY.rmse.fun)

AccY.predictionerror <- c(rep(0,n.origin))

AccY.predictionerror <- round(100*AccY.rmse[1:(n.origin-1)]/AccY.reserve[2:n.origin])

##### Gamma model; reserve result

Gamma.model.result<- data.frame(row.names =c(paste("Year", 1:n.origin, sep = ""),"Overall"),

Reserve=c(round(AccY.reserve),round(total.reserve)), Prediction.error=c("-",round(AccY.rmse),

round(total.rmse)),

Prediction.error.percent=c("-",AccY.predictionerror,total.predictionerror))

Gamma.model.result

gamma.reserve<-c(AccY.reserve[2:n.origin],total.reserve) #10

C.fit <-data

for (i in 1:n.origin) {

for (j in 1:n.dev) {

if(is.na(data[i,j])) {C.fit[i,j]<-data[i,j]}

else {C.fit[i,j]<- exp(cc+alpha[i]+beta[j]) }
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}

}

C.fut <-matrix(NA, nrow(data), ncol(data))

for (i in 1:n.origin) {

for (j in 1:n.dev) {

if(is.na(data[i,j])) {C.fut[i,j]<-exp(cc+alpha[i]+beta[j])}

else {C.fut[i,j]<- NA}

}

}

res.P <- C.fit

res.P <- (data-C.fit)/sqrt(C.fit^2)

res.P

Phi <- sum(res.P[!is.na(res.P)]^2)/(0.5*n.origin*(n.origin+1)-2*n.origin+1)

dati<-res.P

Gamma.model.reserve.fun<-function(dati) {

claims <- as.vector(dati)

claim.data <- data.frame(claims=claims, origin=origin, dev=dev)

# Fit model

model <- glm(claims ~ origin + dev, family = Gamma(link = "log"),subset=!is.na(claims), data=claim.data)

summary(model)

coef <- model$coefficients # Get coefficients

disp <- summary(model)$dispersion # Get dispersion parameter

cov.param <- disp * summary(model)$cov.unscaled # Get covariance matrix of parameters

cc<-coef[1]

alpha<-c(0,coef[2:n.origin])

beta<-c(0,coef[(n.origin+1):(2*n.origin-1)])

data.fitted <-dati

AccY.reserve <- c(rep(0,n.origin))

AccY.reserve2 <- c(rep(0,n.origin))

for (i in 1:n.origin) {

for (j in 1:n.dev) {

if(!is.na(data[i,j])) {data.fitted[i,j]<-data[i,j]} #not NA (known)

else {data.fitted[i,j]<- exp(cc+alpha[i]+beta[j])

AccY.reserve[i]<- AccY.reserve[i]+ data.fitted[i,j]

AccY.reserve2[i]<- AccY.reserve2[i]+ data.fitted[i,j]^2

}

}

}

return(AccY.reserve)

}

Bootstrap1 <- function (b) {

res.P.but<-sample(dati,replace=T,size=0.5*n.origin*(n.origin+1))

C.but <-res.P.but*sqrt((C.fit[!is.na(C.fit)])^2)+C.fit[!is.na(C.fit)]

pseudo.C<-C.fit

k<-1

for (j in 1:n.dev) {

for (i in 1:(n.origin-j+1)) {

pseudo.C[i,j]<-C.but[k]

k<-k+1

} }

AccY.reserve.b <- Gamma.model.reserve.fun(pseudo.C) # 10

total.reserve.b<-sum(AccY.reserve.b)

bootstrap1.sim<-c(AccY.reserve.b[2:n.origin],total.reserve.b)

return(bootstrap1.sim)

}

dati<-res.P[!is.na(res.P)]

B<-10000

bootstrap1.sim <- lapply (1:B, Bootstrap1)

AccY.reserve.sim<-sapply(1:n.origin, function(i) { sapply(1:B,function(b) {bootstrap1.sim[[b]][i]})})

mean.boot.reserves<-sapply(1:n.origin, function(i) {mean(AccY.reserve.sim[,i])} )

se.boot.reserves<-sapply(1:n.origin, function(i) { sqrt((sum((AccY.reserve.sim[,i]-gamma.reserve[i])^2))/B) } )

sep.boot.reserves<-sqrt( Phi*gamma.reserve + 0.5*n.origin*(n.origin+1)/(0.5*n.origin*(n.origin+1)-2*n.origin+1)

* se.boot.reserves^2 )

conf.int.fun <- function(a,s,n,p) {

error <- qnorm(p)*s/sqrt(n)

left <- a-error

right <- a+error

return(c(left,right))

}

conf.int <- sapply(1:n.origin, function(i) {conf.int.fun(gamma.reserve[i],sep.boot.reserves[i],1,0.9)} )

Bootstrap.result1<- data.frame( row.names =c(paste("Year", 1:n.origin, sep = ""),"Overall"),

Reserve=c("-",round(gamma.reserve)), Bootstrap.mean.reserve=c("-",round(mean.boot.reserves)),
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Prediction.error=c("-",round(sep.boot.reserves)), upper.95=c("-",round(conf.int[2,])) )

Bootstrap.result1

hist.fun <- function(dati,data.title) {

n<-length(dati)

d.sd<-sd(dati)

h<-3.49*d.sd*n^(-1/3)

m<-round((max(dati)-min(dati))/h)

xx<-seq(min(dati),max(dati),len=m)

hist(dati,breaks=xx,prob=F,xlab="",ylab="",main="",axes=F)

axis(1, axTicks(1),format(axTicks(1), scientific = F))

axis(2, axTicks(2),format(axTicks(2), scientific = F))

}

hist.fun(AccY.reserve.sim[,10],"Summârâ rezerve")

A4. Chain-ladder modeïa Normâlâ aproksimâcija

data <- read.table("data.txt",header=F)

data <- as.matrix(data)

data

claims <- as.vector(data)

n.origin <- nrow(data)

n.dev <- ncol(data)

origin <- factor(row <- rep(1:n.origin, n.dev))

dev <- factor(col <- rep(0:(n.dev-1), each=n.origin))

data.cumul<-matrix(NA, nrow(data), ncol(data))

for (i in 1:n.origin) {

for (j in 1:n.dev) {

data.cumul[i,j]<-sum(data[i,1:j])

}

}

data.cumul

claims.cumul <- as.vector(data.cumul)

ind.factor<-matrix(NA, nrow(data), ncol(data))

for (i in 1:n.origin) {

for (j in 2:n.dev) {

ind.factor[i,j]<-data.cumul[i,j]/data.cumul[i,j-1]

}

}

ind.factor

f<-as.vector(ind.factor)

Weights<-matrix(NA, nrow(data), ncol(data))

disp.param<-c(rep(1,n.dev))

for (i in 1:n.origin) {

for (j in 2:n.dev) {

Weights[i,j]<-data.cumul[i,j-1]/disp.param[j]

}

}

W<-as.vector(Weights)

claim.data <- data.frame(dev=dev, f=f, W=W, subset=!is.na(f))

head(claim.data)

model1 <- glm(f ~ dev, family = gaussian(),subset=!is.na(f)&!is.na(W),weights=W, data=claim.data)

summary(model1)

coef1 <- model1$coefficients

disp1 <- summary(model1)$dispersion

cov.param1 <- disp1 * summary(model1)$cov.unscaled

fitted.values.f<-matrix(NA, nrow(data), ncol(data))

for (i in 1:n.origin) {

fitted.values.f[i,2]<-coef1[1]+0

for (j in 3:n.dev) {

fitted.values.f[i,j]<-coef1[1]+coef1[j-1]

}

}

fitted.values.f

lambda<-c(rep(0,n.dev))

lambda<-fitted.values.f[1,]

lambda

res.sq<-matrix(NA, nrow(data), ncol(data))
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for (i in 1:n.origin) {

for (j in 2:n.dev) {

res.sq[i,j]<-data.cumul[i,j-1]*(ind.factor[i,j]-fitted.values.f[i,j])^2

}

}

res.sq

r<-as.vector(res.sq)

r

residuals.data <- data.frame(dev=dev, r=r, subset=!is.na(r))

residuals.data

model2 <- glm(r ~ dev, family = gaussian(),subset=!is.na(r), data=residuals.data)

summary(model2)

coef2 <- model2$coefficients

disp2 <- summary(model2)$dispersion

cov.param2 <- disp2 * summary(model2)$cov.unscaled

fitted.values.r<-matrix(NA, nrow(data), ncol(data))

for (i in 1:n.origin) {

fitted.values.r[i,2]<- coef2[1]+0

for (j in 3:n.dev) {

fitted.values.r[i,j]<-coef2[1]+coef2[j-1]

}

}

fitted.values.r

Phi<-c(rep(0,n.dev))

Phi<-fitted.values.r[1,]

Phi[n.dev]<-Phi[n.dev-1]

Phi

Weights2<-matrix(NA, nrow(data), ncol(data))

for (i in 1:n.origin) {

for (j in 2:n.dev) {

Weights2[i,j]<-data.cumul[i,j-1]/Phi[j]

}

}

W2<-as.vector(Weights2)

claim.data <- data.frame(dev=dev, f=f, W2=W2, subset=!is.na(f))

head(claim.data)

model3 <- glm(f ~ dev, family = gaussian(),subset=!is.na(f),weights=W2, data=claim.data)

summary(model3)

coef3 <- model3$coefficients

disp3 <- summary(model3)$dispersion

cov.param3 <- disp3 * summary(model3)$cov.unscaled

D<-matrix(NA, nrow(data), ncol(data))

for (i in 1:n.origin) {

for (j in 1:n.dev) {

D[i,j]<-sum(data[i,1:j])

}

}

data.cumul.tr<-D

claims.cumul.tr <- as.vector(data.cumul.tr)

fitted.cumul<-c(rep(0,length(claims.cumul.tr[is.na(claims.cumul.tr)])))

k<-1

for (j in 2:n.dev) {

for (i in (n.origin-j+2):n.origin) {

D[i,j]<-D[i,j-1]*lambda[j]

fitted.cumul[k]<-D[i,j-1]*lambda[j]

k<-k+1

}

}

D

fitted.cumul

R<-c(rep(0,n.origin))

for (i in 1:n.origin) {

R[i]<-D[i,n.dev]-D[i,n.dev-i+1]

}

total.reserve<-sum(R)

total.reserve

Ult.claim<-c(rep(0,n.origin))

Ult.claim[1]<-data.cumul[1,n.dev]

for (i in 2:n.origin) {

Ult.claim[i]<-data.cumul[i,n.dev-i+1]

for (j in (n.dev-i+2):n.dev) {

Ult.claim[i]<-Ult.claim[i]*lambda[j]

}

}
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Ult.claim

AccY.reserve<-c(rep(0,n.origin))

AccY.reserve[1:n.origin]<-Ult.claim[1:n.origin]-diag(data.cumul[1:n.origin,n.dev-(1:n.origin)+1])[1:n.origin]

total.reserve<-sum(AccY.reserve)

AccY.reserve

total.reserve

cov.lambda<-matrix(NA, nrow=length(lambda), ncol=length(lambda))

cov.lambda[2,2]<-round(cov.param3[1,1],6)

for (i in 3:length(lambda)) {

cov.lambda[i,2]<-round(cov.param3[1,1]+cov.param3[i-1,1],6)

for (j in 3:length(lambda)) {

cov.lambda[i,j]<-round(cov.param3[1,1]+cov.param3[1,j-1]+cov.param3[i-1,1]+cov.param3[i-1,j-1],6)

}

}

cov.lambda

var.lambda<-diag(cov.lambda)

var.lambda

se.lambda<-sqrt(var.lambda)

se.lambda

n<-length(lambda)

m1<-matrix(rev(lambda[!is.na(lambda)]),n-1,n-1)

diag(m1)<-rev(Phi[!is.na(Phi)])

m1

m2<-matrix(NA,n-1,n-1)

m3<-matrix(NA,n-1,n-1)

m2[upper.tri(m1)]<-m1[upper.tri(m1)]^2

m2[lower.tri(m1)]<-m1[lower.tri(m1)]

diag(m2)<-diag(m1)

m2

for (i in 1:(n-1)) {

for (j in 1:(n-1)) {

m3[i,j]<-prod(m2[1:i,j])

}

}

m3

X<-c(rep(0,n-1))

X<-sapply(1:(n-1),function(i) {sum(m3[i,1:i])})

process.var<-c(rep(0,n.origin))

process.var<-diag(data.cumul[1:n.origin,n.dev-(1:n.origin)+1])[2:n.origin]*X

process.var

total.process.var<-sum(process.var)

var.lambda2<-c(rep(0,n))

var.lambda2[2]<-var.lambda[n]

var.prev.step<-var.lambda2[2]

var.Din<-c(rep(NA,n.origin))

var.Din[2]<-data.cumul[2,n-2+1]^2*var.lambda[n]

for (i in 3:n) {

var.lambda2[i]<-lambda[n-i+2]^2*var.prev.step+prod(lambda[(n-i+3):n])^2*var.lambda[n-i+2]+

var.prev.step*var.lambda[n-i+2]

var.Din[i]<-data.cumul[i,n-i+1]^2*var.lambda2[i]

var.prev.step<-var.lambda2[i]

}

cov.Din<-matrix(NA,n.origin,n.dev)

for (i in 2:n) {

for (j in 2:n) {

if(j>i) {

cov.Din[i,j]<-data.cumul[i,n-i+1]*var.lambda2[i]*data.cumul[j,n-j+1]*prod(lambda[(n-j+2):(n-i+1)])

cov.Din[j,i]<-cov.Din[i,j]

}

if(i==j) {cov.Din[i,j]<-var.Din[i]}

}

}

cov.Din

var.total.reserve<-sum(cov.Din[!is.na(cov.Din)])

var.total.reserve

var.Din<-var.Din[!is.na(var.Din)]

prediction.variance<-var.Din+process.var

total.prediction.variance<-sum(var.total.reserve+total.process.var)

prediction.error<-sqrt(prediction.variance)

total.prediction.error<-sqrt(total.prediction.variance)

prediction.error.percent<-round(100*prediction.error[1:(n.origin-1)]/AccY.reserve[2:n.origin])

total.prediction.error.percent<-round(100*total.prediction.error/total.reserve)

lambda.result<- data.frame(row.names=paste("lambda", 2:n.dev, sep = ""),Estimate=lambda[2:n.dev],

Standard.error=se.lambda[2:n.dev])
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lambda.result

Phi.result<- data.frame(row.names=paste("Phi", 2:n.dev, sep = ""),Estimate=Phi[2:n.dev])

Phi.result

NormalApprox.model.result<- data.frame(row.names =c(paste("Year", 1:n.origin, sep = ""),"Overall"),

Reserve=c(round(AccY.reserve),round(total.reserve)),Process.variance=

c("-",round(process.var),round(total.process.var)),

Estimation.variance=c("-",round(var.Din),round(var.total.reserve )),

Prediction.variance=c("-",round(prediction.variance),

round(total.prediction.variance)),

Prediction.error=c("-",round(prediction.error),round(total.prediction.error)),

Prediction.error.percent=c("-",round(prediction.error.percent),

round(total.prediction.error.percent)))

NormalApprox.model.result

D<-matrix(NA, nrow(data), ncol(data))

for (i in 1:n.origin) {

for (j in 1:n.dev) {

D[i,j]<-sum(data[i,1:j])

}

}

data.cumul.tr<-D

claims.cumul.tr <- as.vector(data.cumul.tr)

fitted.cumul<-c(rep(0,length(claims.cumul[is.na(claims.cumul.tr)])))

k<-1

for (j in 2:n.dev) {

for (i in (n.origin-j+2):n.origin) {

D[i,j]<-D[i,j-1]*lambda[j]

fitted.cumul[k]<-D[i,j-1]*lambda[j]

k<-k+1

}

}

D

fitted.cumul

R<-c(rep(0,n.origin))

for (i in 1:n.origin) {

R[i]<-D[i,n.dev]-D[i,n.dev-i+1]

}

total.reserve<-sum(R)

R

total.reserve

AccY.predictionerror <- c(rep(0,n.origin))

AccY.predictionerror <- round(100*AccY.rmse[1:(n.origin-1)]/AccY.reserve[2:n.origin])

A5. Log-Normâlais modelis

data <- read.table("data.txt",header=F)

data <- as.matrix(data)

data

log.data<-log(data)

log.data

claims <- as.vector(log.data)

n.origin <- nrow(data)

n.dev <- ncol(data)

origin <- factor(row <- rep(1:n.origin, n.dev))

dev <- factor(col <- rep(1:n.dev, each=n.origin))

claim.data <- data.frame(claims=claims, origin=origin, dev=dev)

head(claim.data)

model <- lm(claims ~ origin + dev,subset=!is.na(claims), data=claim.data)

summary(model)

coef <- model$coefficients

exp(model$fitted.values)

disp <- summary(model)$sigma^2

cov.param <- disp * summary(model)$cov.unscaled

disp

cc<-coef[1]

alpha<-c(0,coef[2:n.origin])
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beta<-c(0,coef[(n.origin+1):(2*n.origin-1)])

data.fitted <-data

median.AccY.reserve <- c(rep(0,n.origin))

for (i in 1:n.origin) {

for (j in 1:n.dev) {

if(!is.na(data[i,j])) {data.fitted[i,j]<-data[i,j]}

else {data.fitted[i,j]<- exp(coef[1]+coef[i]+coef[n.origin+j-1])

median.AccY.reserve[i]<- median.AccY.reserve[i]+ data.fitted[i,j]

}

}

}

median.AccY.reserve

median.total.reserve<-sum(median.AccY.reserve)

n.fut.points <- length(claims[is.na(claims)])

fut.design <- matrix(0, nrow = n.fut.points, ncol=length(coef))

fut.points <- claims

fut.points[!is.na(claims)] <- 0

fut.points[is.na(claims)] <- 1:n.fut.points

for(p in 1:n.fut.points){

fut.design[p, 1] <- 1

fut.design[p, 1 +

as.numeric(origin[match(p, fut.points)]) - 1] <- 1

fut.design[p, 1 + (n.origin-1) +

as.numeric(dev[match(p, fut.points)]) - 1] <- 1

}

fitted.values <- diag(as.vector(exp(fut.design %*% coef)))

median.total.reserve <- sum(fitted.values)

cov.pred <- fut.design %*% cov.param %*% t(fut.design)

diag(cov.pred)<-diag(cov.pred)+disp

cov.fitted <- fitted.values %*% (exp(cov.pred)-1) %*% fitted.values

total.rmse <- sqrt(sum(cov.fitted))

total.predictionerror <- round(100*total.rmse/median.total.reserve)

cov.index<-matrix(0, nrow = n.dev, ncol=n.origin)

cov.index[2,1]<-n.fut.points-n.origin+2

for (i in 3:n.origin) {

cov.index[i,1]<-n.fut.points-n.origin+i

x<-cov.index[i,1]

for (k in 3:i-1) {

x<-x-(n.dev-k+1)

cov.index[i,k]<-x

x<-cov.index[i,k]

}

}

AccY.rmse <- c(rep(0,n.origin))

AccY.rmse.fun <- function(i) { sqrt(sum(cov.fitted[cov.index[i,],cov.index[i,]])) }

AccY.rmse <- sapply(2:n.origin,AccY.rmse.fun)

AccY.predictionerror <- c(rep(0,n.origin))

AccY.predictionerror <- round(100*AccY.rmse[1:(n.origin-1)]/median.AccY.reserve[2:n.origin])

LogNormal.model.median.result<- data.frame(row.names =c(paste("Year", 1:n.origin, sep = "")

,"Overall"), Reserve=c(round(median.AccY.reserve),round(median.total.reserve)),

Prediction.error=c("-",round(AccY.rmse),round(total.rmse)),

Prediction.error.percent=c("-",AccY.predictionerror,total.predictionerror))

LogNormal.model.median.result

eta <-log.data

var.eta<-matrix(0,n.origin,n.dev)

mean.AccY.reserve <- c(rep(0,n.origin))

for (i in 1:n.origin) {

for (j in 1:n.dev) {

if(!is.na(data[i,j])) {eta[i,j]<-log.data[i,j]}

else {eta[i,j]<- coef[1]+coef[i]+coef[n.origin+j-1]

var.eta[i,j]<-cov.param[1,1]+cov.param[i,i]

+cov.param[n.origin+j-1,n.origin+j-1]+2*cov.param[1,i]

+2*cov.param[1,n.origin+j-1]+2*cov.param[i,n.origin+j-1]

}

}}

var.eta

data.fitted <-data

for (i in 1:n.origin) {

for (j in 1:n.dev) {

if(!is.na(data[i,j])) {data.fitted[i,j]<-data[i,j]}

else {data.fitted[i,j]<- exp(eta[i,j]+0.5*(var.eta[i,j]+disp))

mean.AccY.reserve[i]<- mean.AccY.reserve[i]+ data.fitted[i,j]

}

}
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}

mean.AccY.reserve

mean.total.reserve<-sum(mean.AccY.reserve)

n.fut.points <- length(claims[is.na(claims)])

fut.design <- matrix(0, nrow = n.fut.points, ncol=length(coef))

fut.points <- claims

fut.points[!is.na(claims)] <- 0

fut.points[is.na(claims)] <- 1:n.fut.points

for(p in 1:n.fut.points){

fut.design[p, 1] <- 1

fut.design[p, 1 +

as.numeric(origin[match(p, fut.points)]) - 1] <- 1

fut.design[p, 1 + (n.origin-1) +

as.numeric(dev[match(p, fut.points)]) - 1] <- 1

}

fv<-c(rep(0,n.fut.points))

k<-1

for (j in 2:n.dev) {

for (i in (n.origin-j+2):n.origin) {

fv[k] <- data.fitted[i,j]

k<-k+1

} }

fitted.values <- diag(as.vector(fv))

mean.total.reserve <- sum(fitted.values)

cov.pred <- fut.design %*% cov.param %*% t(fut.design)

diag(cov.pred)<-diag(cov.pred)+disp

cov.fitted <- fitted.values %*% (exp(cov.pred)-1) %*% fitted.values

total.rmse <- sqrt(sum(cov.fitted))

total.predictionerror <- round(100*total.rmse/mean.total.reserve)

cov.index<-matrix(0, nrow = n.dev, ncol=n.origin)

cov.index[2,1]<-n.fut.points-n.origin+2

for (i in 3:n.origin) {

cov.index[i,1]<-n.fut.points-n.origin+i

x<-cov.index[i,1]

for (k in 3:i-1) {

x<-x-(n.dev-k+1)

cov.index[i,k]<-x

x<-cov.index[i,k]

}

}

AccY.rmse <- c(rep(0,n.origin))

AccY.rmse.fun <- function(i) { sqrt(sum(cov.fitted[cov.index[i,],cov.index[i,]])) }

AccY.rmse <- sapply(2:n.origin,AccY.rmse.fun)

AccY.predictionerror <- c(rep(0,n.origin))

AccY.predictionerror <- round(100*AccY.rmse[1:(n.origin-1)]/mean.AccY.reserve[2:n.origin])

LogNormal.model.mean.result<- data.frame(row.names =

c(paste("Year", 1:n.origin, sep = ""),"Overall"),

Reserve=c(round(mean.AccY.reserve),round(mean.total.reserve)), Prediction.error=

c("-",round(AccY.rmse),round(total.rmse)),

Prediction.error.percent=c("-",AccY.predictionerror,total.predictionerror))

LogNormal.model.mean.result

var.eta<-matrix(NA,n.origin,n.dev)

var.eta[1,1]<-cov.param[1,1]

var.eta[1,2:n.dev]<-sapply(2:n.dev, function(k) {var.eta[1,k]<-cov.param[1,1]+

cov.param[n.origin+k-1,n.origin+k-1]+2*cov.param[1,n.origin+j-1]})

var.eta[2:n.origin,1]<-sapply(2:n.origin, function(k) {var.eta[k,1]<-cov.param[1,1]+

cov.param[k,k]+2*cov.param[1,k]})

for (i in 2:n.origin) {

for (j in 2:n.dev) {

if(is.na(data[i,j])) {eta[i,j]<-log.data[i,j]}

else {eta[i,j]<- cc+alpha[i]+beta[j]

var.eta[i,j]<-cov.param[1,1]+cov.param[i,i]

+cov.param[n.origin+j-1,n.origin+j-1]+2*cov.param[1,i]

+2*cov.param[1,n.origin+j-1]+2*cov.param[i,n.origin+j-1]

}

}}

var.eta

C.fit <-data

for (i in 1:n.origin) {

for (j in 1:n.dev) {

if(is.na(data[i,j])) {C.fit[i,j]<-data[i,j]}

else {C.fit[i,j]<- exp(eta[i,j]+0.5*(var.eta[i,j]+disp))

}
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}

}

res.P <- C.fit

res.P <- (log.data-log(C.fit))

res.P

res.P.scaled <- res.P/sqrt(disp)

rezidiju.scaled.data <- data.frame(res.P.scaled.vec=as.vector(res.P.scaled), origin=origin, dev=dev)

rezidiju.scaled.data

plot(rezidiju.scaled.data$dev,rezidiju.scaled.data$res.P.scaled.vec,type="p",axes=F)

axis(1, axTicks(1),format(axTicks(1), scientific = F))

axis(2, axTicks(2),format(axTicks(2), scientific = F))

plot(rezidiju.scaled.data$origin,rezidiju.scaled.data$res.P.scaled.vec,type="p", axes=F)

axis(1, axTicks(1),format(axTicks(1), scientific = F))

axis(2, axTicks(2),format(axTicks(2), scientific = F))

plot(log(C.fit),res.P.scaled,type="p",axes=F,xlab="",ylab="")

axis(1, axTicks(1),format(axTicks(1), scientific = F))

axis(2, axTicks(2),format(axTicks(2), scientific = F))

plot(res.P.scaled[!is.na(res.P.scaled)],type="p",axes=F,xlab="",ylab="")

axis(1, axTicks(1),format(axTicks(1), scientific = F))

axis(2, axTicks(2),format(axTicks(2), scientific = F))

acf(rezidiju.scaled.data$res.P.scaled[!is.na(rezidiju.scaled.data$res.P.scaled)],

main="", xlab="",ylab="")

A6. Maka modelis

data <- read.table("data.txt",header=F)

data <- as.matrix(data)

data

claims <- as.vector(data)

n.origin <- nrow(data)

n.dev <- ncol(data)

origin <- factor(row <- rep(1:n.origin, n.dev))

dev <- factor(col <- rep(0:(n.dev-1), each=n.origin))

data.cumul<-matrix(NA, nrow(data), ncol(data))

for (i in 1:n.origin) {

for (j in 1:n.dev) {

data.cumul[i,j]<-sum(data[i,1:j])

}

}

data.cumul

claims.cumul <- as.vector(data.cumul)

w <- matrix(NA, nrow(data), ncol(data))

for (i in 1:n.origin) {

for (j in 2:n.dev) {

w[i,j]<-data.cumul[i,j-1]

}

}

f <- matrix(NA, nrow(data), ncol(data))

f<-data.cumul/w

lambda <- c(rep(0,n.dev))

sigma2 <- c(rep(0,n.dev))

for (j in 2:n.dev) {

lambda[j] <- sum(w[1:(n.origin-j+1),j]* f[1:(n.origin-j+1),j])/ sum(w[1:(n.origin-j+1),j])

sigma2[j] <- 1/(n.origin-j)*sum(w[1:(n.origin-j+1),j]* (f[1:(n.origin-j+1),j]-lambda[j])^2)

}

sigma2[n.dev]=sigma2[n.dev-2] # as Mack(1994b)

Dev.factors.Var.comp.result1<- data.frame(row.names= paste("j =", 2:n.dev, sep = ""),

Lambda=round(lambda[2:n.dev],3),

Sigma.squared=c(round(sigma2[2:(n.dev)],2)))

Dev.factors.Var.comp.result1

Ult.claim<-c(rep(0,n.origin))

Ult.claim[1]<-data.cumul[1,n.dev]

for (i in 2:n.origin) {

Ult.claim[i]<-data.cumul[i,n.dev-i+1]

for (j in (n.dev-i+2):n.dev) {
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Ult.claim[i]<-Ult.claim[i]*lambda[j]

}

}

AccY.reserve<-c(rep(0,n.origin))

for (i in 1:n.origin) {

AccY.reserve[i]<-Ult.claim[i]-data.cumul[i,n.dev-i+1]

}

total.reserve<-sum(AccY.reserve)

AccY.reserve

total.reserve

data.cumul.fitted <- data.cumul

for (i in 2:n.origin) {

data.cumul.fitted[i,n.dev-i+1] <- data.cumul[i,n.dev-i+1]

for (j in (n.dev-i+2):n.dev) {

data.cumul.fitted[i,j]<-data.cumul.fitted[i,j-1]*lambda[j]

}

}

data.cumul.fitted

process.var <- c(rep(0,n.origin))

for (i in 2:n.origin) {

process.var[i] <- Ult.claim[i]^2*sum(sigma2[(n.dev-i+1+1):(n.dev-1+1)]/

(lambda[(n.dev-i+1+1):(n.dev-1+1)]^2* data.cumul.fitted[i,(n.dev-i+1):(n.dev-1)]))

}

process.var

total.process.var<-sum(process.var)

D <- c(rep(0,n.origin))

for (i in 2:n.origin) {

for (k in (n.dev-i+1):(n.dev-1)) {

D[k] <- sum(data.cumul[1:(n.origin-k),k])

}

}

D

estimation.var <- c(rep(0,n.origin))

for (i in 2:n.origin) {

estimation.var[i]<-Ult.claim[i]^2*sum (sigma2[(n.dev-i+1+1): (n.dev-1+1)]/

(lambda[(n.dev-i+1+1): (n.dev-1+1)]^2* D[(n.dev-i+1):(n.dev-1)]))

}

estimation.var

prediction.variance<-process.var+estimation.var

prediction.error<-sqrt(prediction.variance)

prediction.error.percent<-round (100* prediction.error/AccY.reserve)

total.prediction.variance<-0

for (i in 2:(n.origin-1)) {

total.prediction.variance <- total.prediction.variance + (prediction.variance[i]+

Ult.claim[i]*sum(Ult.claim[(i+1):(n.dev)])*

sum(2*sigma2[(n.dev-i+1+1):(n.dev-1+1)]/

(lambda[(n.dev-i+1+1): (n.dev-1+1)]^2* D[(n.dev-i+1): (n.dev-1)])) )

}

total.prediction.variance <- total.prediction.variance + prediction.variance [n.origin]

total.prediction.error <- sqrt ( total.prediction.variance)

total.prediction.error.percent <- round( 100 * total.prediction.error /total.reserve)

total.estimation.var<-total.prediction.variance-total.process.var

Mack.model.result1<- data.frame(row.names =c(paste("Year", 1:n.origin, sep = ""),"Overall"),

Reserve=c("-",round (AccY.reserve[2:n.origin]), round(total.reserve)),

Process.variance=c("-" , round (process.var[2:n.origin]), round(total.process.var)),

Estimation.variance=c("-", round(estimation.var[2:n.origin]), round(total.estimation.var)),

Prediction.variance=c("-",round(prediction.variance[2:n.origin]), round(total.prediction.variance)),

Prediction.error=c("-",round(prediction.error[2:n.origin]), round(total.prediction.error)),

Prediction.error.percent=c("-",round(prediction.error.percent[2:n.origin]),

round(total.prediction.error.percent))

)

Mack.model.result1

#

sigma2[n.dev]=sigma2[n.dev-1] # 2. variants

lambda

sigma2

Dev.factors.Var.comp.result2<- data.frame (row.names=paste ("j =", 2:n.dev, sep = ""),

Lambda=round(lambda[2:n.dev],3),

Sigma.squared=c(round(sigma2[2:(n.dev)],2)))

Dev.factors.Var.comp.result2
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Ult.claim<-c(rep(0,n.origin))

Ult.claim[1]<-data.cumul[1,n.dev]

for (i in 2:n.origin) {

Ult.claim[i]<-data.cumul[i,n.dev-i+1]

for (j in (n.dev-i+2):n.dev) {

Ult.claim[i]<-Ult.claim[i]*lambda[j]

}

}

Ult.claim

AccY.reserve<-c(rep(0,n.origin))

for (i in 1:n.origin) {

AccY.reserve[i]<-Ult.claim[i]-data.cumul[i,n.dev-i+1]

}

total.reserve<-sum(AccY.reserve)

AccY.reserve # Reserve for each origin year

total.reserve # Overall reserve

data.cumul.fitted <- data.cumul

for (i in 2:n.origin) {

data.cumul.fitted[i,n.dev-i+1] <- data.cumul[i,n.dev-i+1]

for (j in (n.dev-i+2):n.dev) {

data.cumul.fitted[i,j]<-data.cumul.fitted[i,j-1]*lambda[j]

}

}

data.cumul.fitted

process.var <- c(rep(0,n.origin))

for (i in 2:n.origin) {

process.var[i] <- Ult.claim[i]^2*sum(sigma2[(n.dev-i+1+1):(n.dev-1+1)]/

(lambda[(n.dev-i+1+1):(n.dev-1+1)]^2*data.cumul.fitted[i,(n.dev-i+1):(n.dev-1)]))

}

process.var

total.process.var<-sum(process.var)

D <- c(rep(0,n.origin))

for (i in 2:n.origin) {

for (k in (n.dev-i+1):(n.dev-1)) {

D[k] <- sum(data.cumul[1:(n.origin-k),k])

}

}

D

estimation.var <- c(rep(0,n.origin))

for (i in 2:n.origin) {

estimation.var[i]<-Ult.claim[i]^2*sum(sigma2[(n.dev-i+1+1):(n.dev-1+1)]/

(lambda[(n.dev-i+1+1):(n.dev-1+1)]^2*D[(n.dev-i+1):(n.dev-1)]))

}

estimation.var

prediction.variance<-process.var+estimation.var

prediction.error<-sqrt(prediction.variance)

prediction.error.percent<-round(100*prediction.error/AccY.reserve)

total.prediction.variance<-0

for (i in 2:(n.origin-1)) {

total.prediction.variance<-total.prediction.variance+(prediction.variance[i]+Ult.claim[i]

*sum(Ult.claim[(i+1):(n.dev)])*

sum(2*sigma2[(n.dev-i+1+1):(n.dev-1+1)]/

(lambda[(n.dev-i+1+1):(n.dev-1+1)]^2*D[(n.dev-i+1):(n.dev-1)])) )

}

total.prediction.variance<-total.prediction.variance+prediction.variance[n.origin]

total.prediction.error<-sqrt(total.prediction.variance)

total.prediction.error.percent<-round(100*total.prediction.error/total.reserve)

total.estimation.var<-total.prediction.variance-total.process.var

# Mack's model; reserve results using sigma10=sigma8

Mack.model.result2<- data.frame(row.names =c(paste("Year", 1:n.origin, sep = ""),"Overall"),

Reserve=c("-",round(AccY.reserve[2:n.origin]),round(total.reserve)),

Process.variance=c("-",round(process.var[2:n.origin]),round(total.process.var)),

Estimation.variance=c("-",round(estimation.var[2:n.origin]), round(total.estimation.var)),

Prediction.variance=c("-",round(prediction.variance[2:n.origin]), round(total.prediction.variance)),

Prediction.error=c("-",round(prediction.error[2:n.origin]), round(total.prediction.error)),

Prediction.error.percent=c("-",round(prediction.error.percent[2:n.origin]),

round(total.prediction.error.percent))

)

Mack.model.result2
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